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1. Introduction 
 

Within the object-oriented paradigm the world consists of a collection of entities 

having low coupling, called “objects”, each dealing with a specific task. Coordination 

and communication takes place via sending of messages. Objects are grouped into 

“classes” which determinate (among other things) the interface to the outside world 

(of the objects belonging to the class). The general complaint on the object-oriented 

paradigm is that it lacks a proper formal foundation. 

One of the aims of this work is to show that final (terminal) coalgebras may serve 

as a formal basis for object semantics in a similar way to the way initial algebras serve 

as a formal basis for abstract data types. 

The essential difference between algebras and coalgebras is that the former have 

“constructors” (operations going into the underlying carrier set, which are used to 

build elements) where the latter have “destructors” or  “observers” (operations going 

out of the carrier set, which allow us to observe certain behavior).  (This distinction 

between construction and behaviour is in essence the distinction between abstract data 

types and object-oriented programming described in [1]). 

In coalgebra one deals with state spaces – typically written as Self in this context - 

as black boxes to which one only has limited access via specified operations. This 

aspect is important in the description of objects.  These operations may be attributes 

giving some information about objects (the elements of Self), or they may be 

procedures for modifying objects. 

In this work coalgebras together with initial states are considered as classes, and 

the elements of the carrier Self of a coalgebra as (states of) objects of the class. 

 

For verification purposes involving coalgebraic classes and objects we are 

interested in the observable behavior and not in the concrete representation of 

elements of Self. A behavior of an object in this context is the objects `reaction 

pattern’, i.e. what we can observe via the attributes after performing internal 

computations triggered by procedure calls. This naturally leads to notions like 

bisimilarity (indistinguishability of objects via the available operations) and 

invariance (a predicate on states, which always holds: an invariant holds immediately 

after an object is created and after execution an available operations).  
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Based on coalgebras, a certain format has been developed for class specifications, 

this format typically consists of three sections, describing the class specifications` 

methods, assertions, and creation-conditions---which holds for newly created objects. 

The work will describe Coalgebraic Class Specification Language CCSL that was 

developed as part of LOOP project on formal method for object-oriented 

programming1.  

The work in the LOOP project is centered on mechanical verification. There are 

two reasons for the shift towards mechanical verification. First, software verification 

is intrinsically difficult because it involves a large amount of detail, especially many 

case distinctions. So to apply software verification to real programs written in a 

mainstream programming language (as opposed to academic examples written in a 

clean academic programming language) requires tool support. With the right 

computer support, the person who carries out the verification can concentrate on the 

important (and difficult) parts, while the verification tool carries out simple 

computations and ensures accuracy and the correctness of the whole verification. 

Secondly right tool support is important also for academic environments and pure 

science. It enables the scientist to test results and to get inspiration from large 

examples.  

 

                                                           
1  Home page : http://www.cs.kun.nl/sos/research/loop/main.html 
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2. Category theory and algebraic foundations 
 

2.1. Category theory foundations 

Category Theory is a way for talking about the relationships between the classes of 

objects modeled by mathematics and logic. It also allows us to talk about few 

mathematical areas simultaneously, exploiting relationships between them. 

Construction of a sound, unifying mathematical environment is one of the purposes of 

theoretical research in computer science, and category theory may be used to achieve 

this goal. 

Quoting Asperti and Longo: “…many different formalisms and structures may be 

proposed for what is essentially the same concept; the categorical language and 

approach may simplify through abstraction, display the generality of concepts, and 

help to formulate uniform definitions.” [7]. 

“The relevance of Category Theory for programming languages […] it offers a highly 

formalized language especially suited for stating abstract properties of structures. 

Thus, it relates to widely used programming methodologies and provides as well a 

formal setting for the mathematical investigation of the semantics of programming 

languages. “[7] 

 

Categories 

Definition 

A category consists of:  

• a class of things called objects.  

• for every two objects A and B a set Mor(A,B) of things called morphisms from 

A to B. If f is in Mor(A,B), we write f : A → B and call A domain of f and B 

codomain.  

• for every three objects A, B and C a binary operation Mor(A,B) × Mor(B,C) → 

Mor(A,C) called composition of morphisms. The composition of f : A → B and 

g : B → C is written as    g o f or gf. (Some authors write it as fg.)  

such that the following axioms hold:  
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• (associativity) if f : A → B, g : B → C and h : C → D then h o (g o f) = (h o g) 

o f, and  

• (identity) for every object X there exists a morphism idX : X → X called the 

identity morphism for X, such that for every morphism f : A → B we have idB 

o f = f = f o idA  

 

From these axioms, one can prove that there is exactly one identity morphism for 

every object. 

Proof: 

Let  idX : X → X  be identity morphism for object X and idX’  another identity 

morphism  for X, then from the identity axiom, ' 'X X X Xid id id id= = . 

Q.E.D. 

 

If the class of objects is actually a set, the category is said to be small. Many 

important categories are not small.  

Examples 

Ι . The Category Set has sets as objects and total functions as morphisms (function f : 

A → B is total if for all a in A there exist a b in B such that f(a)=b). 

 

1. The composition of a total function :f A B→  with another total function 

:g B C→  is a total function :g f A C→ , defined by ( ) ( ( ))g f a g f a= . The 

composition of total functions is associative, i.e., 

for all total functions : , :f A B g B C→ →  and  :h C D→ , we have 

[ ( ))]( ) [( ) ]( )h g f a h g f a= . 

 

  2. For each set A, the identity function Aid A A= →  defined by ( )Aid a a= is a total 

function with domain and codomain A. For any function :f A B→ , the identity 

functions on A and B satisfy the identity axiom: 

      B Aid f f f id= = . 

 

 

ΙΙ .   The category Graph has graphs as objects and graph morphisms as morphisms. 
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Definition  
A graph G is a tuple (E, V, s, t) where E and V are (finite) sets of edges and vertices 

respectively, 

 s, t : E → V map each edge to its source and target respectively ( that is, if  

(s(e),t(e))=(u,v), we say that e is an edge between nodes u and v and write e=[u,v]. 

 

Definition  
A graph morhpism : 'f G G→  is a pair ,V Ef f f=< >  with : 'Vf V V→  and 

: 'Ef E E→  such that ([ , ]) [ ( ), ( )]E V Vf u v f u f v=  

 

  1. The composition of two graph morphisms :f G H→ and :g H I→ , defined by  

( , )E E V Vg f g f g f=   from G to I, is also a graph morphism as follows: 

      Let  :u m n→  be an edge of G. Then we have: 

      :u m n→  in G ⇒  

       ( ) : ( ) ( )E V Vf u f m f n⇒ →  in H                                            ( f  is graph morphism) 

       ( ( )) : ( ( )) ( ( ))E E V V V Vg f u g f m g f n⇒ → in I                           ( g  is graph morphism) 

       ( ) : ( ) ( )E E V V V Vg f u g f m g f n⇒ → in I                                 (composition) 

 

 

      Moreover, for any graph morphism :f G H→ , :g H I→  and  :h I J→  , we 

have  ( ) ( )h g f h g f=  ,since  f , g  and  h  are functions on sets. 

 

2. For each graph ( , , , )G G G GG E V s t= , the identity graph morphism 

( , ) :G E Vid id id G G= →  is defined by: if :u m n→  is an edge in G then  

( ) : ( ) ( )E V Vid u id m id n→   is an edge in G. Now, we have that  G Hf id f id f= = .  

    

ΙΙΙ .  A pre-order is a set A equipped with binary relation a≤ b that is both reflexive 

and transitive: a≤ a, and if a≤ b and b≤ c, then a≤ c. 

Each pre-order set (A, ≤ ) can be considered a category, in the following way.  The 

elements a,b,….. of  A are the objects of the category and there is a morphism from 

a to b precisely when a≤ b. Formally, the category id defined as follow: 
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       an object is:   an element in A 

       a morphism is:   a pair (a,b) with a≤ b in A, we will write 

       (a,b): c→d     ≡    a=c  ∧  b=d 

       (a,b) (b,c)       =    (a,c) 

       ida                     =    (a,a) 

 

      It is not hard to see that laws of assosiativity and identity hold. 

Going in the other direction, any category with at most one arrow between any two 

objects determines a pre-order set. 

      (This example demonstrates that morphisms do not have to be functions). 

 

Types of morphisms 

 

A morphism f : A → B is called a  

• monomorphism if fg1 = fg2 implies g1 = g2 for all morphisms g1, g2 : X → A.  

• epimorphism if g1f = g2f implies g1 = g2 for all morphisms g1, g2 : B → X.  

• isomorphism if there exists a morphism g : B → A with fg = idB and gf = idA.  

• automorphism if f is an isomorphism and A = B.  

• endomorphism if A = B.  

 

Two objects A and B are isomorphic if there exists an isomorphism f: A → B. 

 

“Up to isomorphism” 
Let P be a property of objects that holds for all objects of precisely one class of 

isomorphic objects. Then we sometimes speak of the P-object, meaning an arbitrary 

but fixed object for which P hold. We also say that the P-object is unique up to 

isomorphism. For example, in Set “the set is singleton” is unique up to isomorphism. 

 

Diagrams 
Relations among morphisms (such as fg = h) can most conveniently be represented 

with commutative diagrams, where the objects are represented as points and the 

morphisms as arrows (the arrow from point A to point B labeled f, associates with 
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morphism f: A → B). A diagram commutes if the composition of the morphisms along 

any path between two fixed objects is equal.  

 

As an example, the representation of the relation fg = h with commutative diagram 

will be: 

 

(here f : A → B , g:C→ A and  h: C→ B ) 

 

 

 

 

 

 

 

In category theory diagrams are a typical way to describe equational reasoning and 

turn out to be particularly effective when dealing with several equations at a time. In 

particular, assertions such as “if diagram 1 and … diagramn commute, then diagram 

commutes” express conditional statements about equalities. 

 
 

Duality 
 

Definition 
The dual category Cop of a category C has the same objects and the same morphisms 

of C (but “reversed”), idop
b = idb, domop(f) = cod(f), codop(f) = dom(f), and f °

op g=g°f 

(where dom is abbreviation for domain and cod for codomain). 

 

Duality is a very powerful technique of Category Theory. If P is a generic proposition 

expressed in the language of Category Theory, the dual of P (Pop) is the statement 

obtained by replacing the word  “dom” by “cod,” “cod” by “dom,”,  “g ° h” by “h ° g”.  

If P is true in a category C, then Pop is true in Cop; if P is true in every category, then 

also Pop is, since every category is the dual of its dual. 

 

f 

A B

C

g 

h 
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Duality may be applied to diagrams as well: given a diagram in a category C, the dual 

diagram in Cop is obtained by simply reverting the arrows; of course, a dual diagram 

commutes if and only if the original one does. 

 

Initiality and finality 
 

Definition 
Let C be a category. An object A is initial if: for each object B there is precisely one 

morphism from A to B in C, called the mediating morphism. 

 

Proposition: 

If A and A` are two initial objects in a category C, then they are isomorphic. 

Proof: 

Let : 'f A A→ , : 'g A A→  the morphisms respectively given by the initiality of A 

and A'. Then :g f A A→ , but also :Aid A A→ , and since by initiality of A, there is 

exactly one morphism in C from A to A, then Ag f id= ; in the same way, by 

initiality of A' we have 'Af g id= . 

Q.E.D. 

 

Thus we can say that initial object is unique up to isomorpism. Usually, we will 

denote it by 0. 

 

Examples 
Ι . The typical example of an initial object is the empty set ∅  in Set; indeed the 

empty function (i.e., the function whose graph is empty) is the unique arrow with ∅  

for source. 

 

In pre-order set (A, ≤ ) considered as a category, an initial object (if there is one) is an 

element 0 ∈  A with 0 ≤  a for all a ∈  A (i.e., the least element of  (A, ≤ )). Clearly a 

category need not have an initial object, e.g. the pre-order set (Z, ≤ ) (Z is set of 

integer numbers) does not have an initial element. 
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A poset (partially ordered set) is a pre-order set, satisfying the additional condition of 

antisymmetry: if a≤ b and b≤ a, then a=b. 

Thus in poset “isomorphic” means “equal” and so we are able to speak about  “the” 

initial object. 

 

Definition 
Let C be a category. An object A is final (terminal) if: for each object B there is 

precisely one morphism from B to A in C. 

 

Proposition: 

If A and A` are two final objects in a category C, then they are isomorphic. 

Proof: By duality and by above proposition. 

 

Thus we can also say that final object is unique up to isomorpism. We will denote it 

by 1. 

 

Examples 
Ι . In Set each singleton set (i.e., the one-element set {x}) is a final object, since for 

all sets A, there exists only one function from A to {x}, i.e., the one defined by f(a) = 

x for all a ∈  A. Therefore, Set has infinitely many terminal objects, and they are all 

isomorphic. 

 

ΙΙ . In pre-order set (A, ≤ ) considered as a category, a final object (if there is one) is a 

element 1 ∈  A with 1 ≥  a for all a ∈  A (i.e., the greatest element of  (A, ≤ )). Again, 

in the case of poset we can speak about  “the” final object. 

 

Functors 

Functors are structure-preserving maps between categories (that is, they preserve the 

property of being an object, the property of being a morphism, composition, and the 

identities). 

The significance of functors is manifold: they map one mathematical structure 

(category, piece of mathematics) to another, they turn up as objects of interesting 
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categories, they are the mathematically obvious type of transformation between 

categories, and they form a categorical tool to deal with “structured” objects (as we 

shall explain below).  

 

Definition 

A (covariant) functor F from the category C to the category D  

• associates to each object X in C an object F(X) in D;  

• associates to each morphism f:X→Y a morphism F(f):F(X)→F(Y)  

such that the following two properties hold:  

• F(idX) = idF(X) for every object X in C.  

• F(g o f) = F(g) o F(f) for all morphisms f : X → Y and g : Y → Z.  

A contravariant functor F from C to D is a functor that "turns morphisms around" 

(i.e. if f:X→Y is a morphism in C, then F(f):F(Y)→F(X)); the quickest way to define 

a contravariant functor is as a covariant functor between Cop and D.  

Two important (but easy) consequences of the functor axioms:  

• F transforms each commutative diagram in C into a commutative diagram in 

D;  

• if f is an isomorphism in C, then F(f) is an isomorphism in D.  

 

Formula F: C → D means that F is a functor from C to D.   

An endofunctor is a functor of type C → C, for some category C; it’s source and 

target are equal. 

 

Examples 

Identity functor. 

It acts on objects as X X and on morphisms as f f . 

Constant functor. 

For an arbitrary but fixed object A, we have functor 

X A  

and a function : 'f X X→ is mapped to the identity function :Aid A A→ . 
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Powerset. 

Consider category Set. Define mapping P as follows: 

( )X P X   

P(f ): P(X) → P(X`) , defined by  { ( ) | }U f x x U∈    whenever : 'f X X→ . 

We shall write Pf(-) for functor which maps X to the set of its finite subsets. 

Functor ΙΙ . 

Consider category Set. Define mapping ΙΙ  as follows: 

A A AΙΙ = ×                                              a set, hence object in Set. 

( , ') ( , ') :f a a fa fa A BΙΙ = ΙΙ → ΙΙ        whenever  f : A → B. 

 

   For example, ΙΙ  nat is the set of pairs of natural numbers, and ΙΙ succ maps (19,48) 

onto (20,49).  Mapping ΙΙ  satisfies the functor properties; it is a functor 

ΙΙ :Set→Set . Functor ΙΙ  can be used to characterize binary operations in a neat 

way. For example, 

 

      +                                           : ΙΙ nat → nat 

       n (n div 10,n mod 10)    : nat → ΙΙ nat. 

    

We shall say that the binary operations are ΙΙ - ary operations. 

 

Use of functors 
 

 In the definition of a category, objects are “just things” for which no internal 

structure is observable by categorical means (composition, identities, morphisms, and 

typing).  Functors form the tool to deal with “structured” objects. Indeed, in Set an 

aspect of a structure is that it has “constituents”, and that it is possible to apply a 

function to all the individual constituents; this is done by Ff: FA → FB. So II 

represents the structure of pairs; IIA is the set of pairs of A, and IIf is the functions 

that applies f to each constituent of a pair.  

Even though FA is still just an object, a thing with no observable internal structure ,

the functor properties enable to exploit the “structure” of FA. The following example 

may make this clear; it illustrates how functor II represents the structure of pairs. It 

illustrates at the same time where and how the functor properties play a role.  
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For this, let : A A⊕ ΙΙ →  and : B B⊗ ΙΙ →  be binary operations on sets A and B 

respectively (i.e., binary operations which domain represented by functor II), and let  

f: A → B be a function. We define the notation  

 

    :f ΙΙ⊕→ ⊗  

to mean 

     f f⊕ =⊗ ΙΙ , 

or in other words f is a function that makes the following diagram  

 

 

 

 

 

 

 

 

 

commutes. 

Expressed in set-theory terms, property :f ΙΙ⊕→ ⊗means that ( )f x y fx fy⊕ = ⊗  

 ( ( ( , )) ( ( ), ( ))f x y f x f y⊕ =⊗ ) for all x,y in the source set of  ⊕  . From now on, 

according to accepted mathematical terminology, we will call such a function f a 

homomorphism from ⊕  to ⊗ . 

 

Thus we have exploited the structure of pairs (applying the function f to each 

individual constitute of pair IIA) and by it defined the notion of homomorphism from 

one binary (II-ary operation) operation to another, only relying on the fact that the 

defined operations have domain represented by functor II. 

 

Now, the properties of functor, given in above definition, enable us to prove the 

following theorem independently of the actual meaning of II.  The theorem expresses 

that for each operation the identity is a homomorphism from that operation to itself, 

and that the composition of homomorphisms is a homomorphism again. 

A A AΙΙ = × B B BΙΙ = ×  

f f fΙΙ = ×  

A 

f 

⊗  ⊕  

B 
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Theorem 

    :id ΙΙ⊕→ ⊕  

   :f ΙΙ⊕→ ⊗  and :g ΙΙ⊗→  :g f ΙΙ⇒ ⊕→ . 

Proof: 

    :id id idΙΙ⊕→ ⊕ ≡ ⊕ = ⊕ ΙΙ                                              (by definition of ΙΙ→ ) 

    id id id id≡ ⊕ = ⊕ ΙΙ ⇐ = ΙΙ  

    true≡                                                                                     (II is a functor). 

 

   : ( )g f g f g fΙΙ⊕→ ≡ ⊕ = ΙΙ  

    ( )g f g f≡ ⊗ ΙΙ = ΙΙ                                                    (by f f⊕ = ⊗ ΙΙ ) 

   ( ) ( )g f g f g f g f≡ ΙΙ ΙΙ = ΙΙ ⇐ ΙΙ ΙΙ = ΙΙ  

   true≡ . 

   Q.E.D. 

 

Not only is the actual meaning of II nowhere used, but also it is nowhere used that A, 

B are sets (there is nowhere a membership) or that , , ,...f g ⊕  are functions or 

operations, respectively. Only the category axioms and the functor axioms have been 

used. So the above definition, theorem, and proof are valid for any functor and any 

category, not just for functor II and category Set. Here we see how a categorical 

formulation suggest or eases a far-reaching generalization: replace II by an arbitrary 

functor F, and you have a definition of ‘F-ary operation’ and ‘F-homomorphism’, and 

a theorem together with it’s proof about that notion, and these are valid for arbitrary 

category. 

 

 
 

Product 
 

Definition 
A product of two objects A and B in category C, is a C-object A B× , together with 

two projection morphisms : A B Aπ × → and ' : A B Bπ × → such that, for any object 

C and a pair of morphisms :f C A→  and :g C B→ , there exist exactly one 

morphism :h C A B→ × such that the following equations hold: 
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h fπ =  

' h gπ =  

, 'h h hπ π< >=  

(morphism h is normally  represented as ,f g< > , to express its dependency on f  

and g ). 

 

Definition 
Let C be category. If the objects A C× and B D× exist, then for each pair of 

morphisms :f A B→  and :g C D→ , the product morphism :f g A C B D× × → ×  

is the morphism , ' :f g A C B Dπ π< > × → × . 

 

Claim: 

    A B A Bid id id ×× =  

Proof: 

Consider the diagram 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A 

B 

A B×

B 

A 

A B×

idB 

IdA 

π 

'π 

'π 

π 

s 
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Putting A Bs id id= ×  we have that 

( ) , 'A B A B Aid id id id idπ π π π π π× = < >= =  

' ( ) ' , ' ' 'A B A B Bid id id id idπ π π π π π× = < >= =  

Hence the above diagram commute. 

On the other hand, putting A Bs id ×=  we have that 

A B Aid idπ π π× = =  

' ' 'A B Bid idπ π π× = = , 

so  A Bs id ×=  also makes the diagram commute. 

However, since A B×  is a product, s is the unique  (product) morphism, and so we 

must have A B A Bid id id ×× =  

Q.E.D. 

 

Claim: 

   ( ) ( ) ( ) ( )f h g k f g h k× × = ×  

Proof: 

Consider the diagram: 

 

 

 

 

 

 

 

 

 

 

 

Since A C×  is a product, g k× is the unique (product) morphism that makes the left 

rectangle commute. In similar way, since B D×  is a product, f h×  is the unique 

(product) morphism that makes the right rectangle commute. 

Now 

(( ) ( ))f h g kπ × × =  

'E C D

'E E×

E A B

k h

f h×g k×

g f

'π

π
A C×

B D×

'π 'π

π π
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( ( )) ( )f h g kπ= × ×                                                                         (associativity) 

( , ' ) ( )f h g kπ π π= < > × ( ) ( )f g kπ= ×  

( ( ))f g kπ= ×                                                                               (associativity) 

( , ' )f g kπ π π= < >  

f g π=  

 

Similarly, it can be shown that ' (( ) ( )) 'f h g k h kπ π× × = .  Hence ( ) ( )f h g k× ×  makes 

the whole diagram commute. 

 

However, we also have that 

(( ) ( )) , 'f g h k f g h k f gπ π π π π× = < >= , 

and similarly  ' (( ) ( )) 'f g h k h kπ π× = . Hence, ( ) ( )f g h k× also makes the diagram 

commute. 

And again, since B D×  is a product, we have, by uniqueness, 

( ) ( ) ( ) ( )f h g k f g h k× × = × . 

Q.E.D. 

 

In fact, the properties that were proved above state the preservation of identities and 

composition that is we can consider product as functor (endofunctor on category C). It 

is convenient to write that product is functor from C C×  to C (where C - category 

with all binary products). 

 

 

Coproduct 
 

Coproduct is the dual notion of product. 

Definition 
A coproduct of two objects A and B in category C, is a C-object A B+ , together with 

two injection morphisms :k A A B→ + and ':k B A B→ + such that, for any object C and a 

pair of morphisms :f A C→ and :g B C→ , there exist exactly one morphism 

:h A B C+ → such that the following equations hold: 

h k f=  
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'h k g=  

[ , ']h k h k h=  

(morphism h is normally  represented as [ , ]f g , to express its dependency on f  and 

g ). 

 

Definition 
Let C be category. If the objects A C+ and B D+ exist, then for each pair of morphisms 

:f B A→  and :g D C→ , the coproduct morphism :f g B D A C+ + → + is the morphism 

[ , ' ]:k f k g B D A C+ → + . 

 

Similarly to the claims that we proved for product, we can prove that: 

 

1. A B A Bid id id ++ = . 

2. ( ) ( ) ( ) ( )f h g k f g h k+ + = + . 

 

Hence we can consider coproduct as functor. 

 

 

Definition 
We will call functors that are built up with constants, identity functors, products, 

coproducts, finite powersets and constant exponent functors - polynomial functors2. 

(For constant object A and functor T1 the constant exponent functor defined as: 

1 1( ) ( ) ( )AT X T X A T X= = ⇒ and 1 1( ) ( ) ( )Aid
AT f T f id T f= = ⇒ ) 

 

Constants allow us to describe constant types like integer, products allows description 

of records, coproducts – variant records or unions, and exponents – functions. 

 

Let C be category with initial and terminal objects, we list some useful isomorphisms: 

 

                                                           
2  There are small but subtle differences in use of term polynomial functor in the literature. The present 

definition is coincident with [41] and [39], but in [32] and [42] the constant exponent functor is not 
allowed in notion of polynomial functor. 
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1

( ) ( )
0 0

X Y Y X
X X

X Y Z X Y Z
X

× ≅ ×
× ≅
× × ≅ × ×
× ≅

          
0

( ) ( )
( ) ( ) ( )

X Y Y X
X X

X Y Z X Y Z
X Y Z X Y X Z

+ ≅ +
+ ≅
+ + ≅ + +
× + ≅ × + ×

 

We shall often work up-to the above isomorphisms, so that we can simply write an n-

ary product as 1 ... nX X× × without bothering about bracketing. 

 

Once we know how functors act on morphisms, we can define functors merely by 

giving their actions on objects. We will often say things like: consider the functor 

( ) ( ).T X X A X= + ×  

The action on objects is then ( )X X A X+ × . And for a morphism : 'f X X→  

we have an action T(f) of the functor T on f as a morphism  ( ) : ( ) ( ')T f T X T X→ . 

In our example T(f) is the morphism ( ) : ( ) ' ( ')Af id f X A X X A X+ × + × → + × . 

 

In the sequel we will particularly concentrate on the category of sets and total 

functions, Set. Thus all our explanations and examples will relate to this category (but 

definitions will be given in general way). 

 

 

2.2. Algebraic foundations 
 

Definition 
Let T be endofunctor of category C. A T-algebra is a pair  

( , : )A TA Aα → consisting of an object A and a morphism  :TA Aα →  in C.  

 

We shall call A the carrier of the algebra, and α  the algebra structure, or also the 

operation of the algebra. 

 

Correspondingly T-coalgebra is a pair ( , : )A A TAβ → .  

Because coalgebras often describe dynamical systems, the carrier A of coalgebra is 

also called the state space. 
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Example 
Consider two endofunctors, from category Set to Set, N and S defined as 

 

   NX := 1+X                 N f := id1 + f  

 

and 

 

  SX :=  ×X               S f  := id  × f 

 

for a set X, a function f  and the singleton set 1 := {*}. 

Given a set X, a constant z ∈  X (constants may be regarded as zero-ary functions 

(having no arguments)) and a function n: X →  X, we get an N-algebra (X, [z, n]). 

One concrete instance of this is the algebra of natural numbers  with zero and 

successor function  ( , [0,s]) (0:1 → , s: → ). 

Given again a set X and this time two functions o: X  → and n: X→X, we get 

an S-coalgebra (X, <o, n>). The infinite streams of real numbers, for example, form 

the S-coalgebra ( ω , <head, tail>) (for 0 1( , ,...) ωσ σ σ= ∈  we set head(σ ) := ( 0σ ) 

and tail(σ ) := 1 2( , ,....)σ σ ). 

Thus we see that polynomial functors can be used to describe the signature of 

operations. Algebras (coalgebras) of such functors correspond to models of such 

signature. We will illustrate the link between signature (of operations) and functors 

with further details in section 3.  

Generally, algebra operations can be seen as a means for constructing elements of 

their carrier. On the other hand, the operation of coalgebra  - also called destruction – 

gives us information about its states, either in terms of attributes or (potential) 

successor states. In the first case we will talk about the observation a state allows, in 

the second about its dynamics (in the previous example for S-coalgebra for every 

element x ∈  X the observation is given by o(x) ∈  and the dynamics by a successor 

state n(x) ∈  X ). 

 If the dynamics of state a A∈  inside the T-coalgebra ( , : )A A TAβ → leads to 

other states, then we can repeatedly apply the operation β  to those successors. If we 

assume that we have no other way of inspecting the states in A , the observation of all 
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these successively reachable states may still give us some information about the 

element a that we started out with, and we will call it its behaviour. For example, an 

element x ∈  X in some S-coalgebra gives rise to the infinite sequence of successive 

states 

(x, n(x), n(n(x)),…) ∈  X ω  

for each of which only its value in  can be observed. Thus, the behaviour of x can 

be described by infinite stream 

(o(x), o(n(x)), o(n(n(x)),….) ω∈ . 

 

 

Definition 
A homomorphism : ( , ) ( ', ')f A Aα α→ between T-algebras is a morphism 

: 'f A A→  in C such that 'f Tfα α=  or in another words, such that following 

diagram  

 

 

 

 

 

 

 

 

commutes. 

 

  Definition  
A homomorphism : ( , ) ( ', ')g A Aβ β→  between T-coalgebras is a morphism 

: 'g A A→  in C such that ' g Tgβ β= , that is following diagram 

 

 

 

 

 

 

TA 

TA`

A 

A` 

α

f

'α

Tf

TA 

TA`

A 

A` 

β

'β

g Tg
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commutes. 

 

Example 
Consider again the functors N and S from previous example. 

Given two N-algebras (X, [zX, nX]) and (Y, [zY, nY]), a function f : X→Y is an N-

algebra homomorphism if we have 

      f(zX) = zY       and   X Yf n n f= . 

For concrete example let take for carrier of first N-algebra set of even natural 

numbers, zX is zero function and nX is function that adds 2 ( s s ), and for carrier of 

second N-algebra set of odd natural numbers, zY is “unit function” (return 1) and nY as 

before s s . Then homomorphism f is successor function s. 

Indeed, s(zX) = zY and X Ys n n s= . 

Similarly, a function f : X→Y is a S-coalgebra homomorphism if we have 

X Yo o f=      and    X Yf n n f= . 

 

 

Since identities can easily be seen to form homomorphisms and homomorphisms 

compose (proof is very similar to proof of theorem on page 15), we get two 

categories: 

• AlgT called the category of T-algebras ( objects – T-algebras; morphisms – 

algebra homomorphisms); 

• CoalgT called the category of T-coalgebras (objects – T-coalgebras; 

morphisms – coalgebra homomorphisms). 

 

Definition 
An initial T-algebra is an initial object in the category of T-algebras AlgT, that is 

algebra ( , : )A TA Aα → such that there exists exactly one homomorphism from it to 

every other T-algebra. 
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Dually, a final T-coalgebra is a final object in the category of T-coalgebras CoalgT, 

that is coalgebra ( , : )A A TAβ → such that there exists exactly one homomorphism 

from every other T-coalgebra to it. 

 

Example 
Consider again the functors N and S from previous example. 

For an arbitrary N-algebra (X, [z, n]) we get a homomorphism :f X→  by 

setting f(m)=nm(z). 

Given an S-coalgebra (X, <o, n>), we get a homomorphism :f X ω→ , mapping 

every element x ∈  X to the stream (o(x), o(n(x)), o(n(n(x))), …). 

It can be shown that these homomorphisms are the only ones between the 

respective algebras and coalgebras. (see [3] for proof). Thus, ( , [0,s]) is an initial N-

algebra and ( ω , <head, tail>) is a final S-coalgebra. 

 

In the above example the carrier of the final coalgebra contains exactly those 

elements that we used above to informally describe the behaviour of a state in a S-

coalgebras. This is an instance of the general observation that the states of a final 

coalgebra (if it exists) represent abstract behaviours. 

 Since behaviour is preserved by homomorphisms, the existence of a 

homomorphism in the definition of a final coalgebra says that any behaviour exhibited 

by some state in some coalgebra can be matched by an element of carrier of final 

coalgebra. The uniqueness of homomorphisms on the other hand says that there is 

only one such candidate. In that sense, the homomorphism to final coalgebra maps a 

state of coalgebra to the abstract behaviour it exhibits. 

In an analog way, given a number of constructors one can form the carrier of the 

associated initial algebra as the set of “closed” terms (not containing variables) that 

can be formed with these constructors. 

In previous example the zero and successor constructors z: 1→X and n: X→X 

give rise to the set of closed terms, 

{z, s(z), s(s(z)),….} 

which is (isomorphic to) the set of natural numbers. 
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Definition 
A congruence relation or simply congruence is an equivalence relation that is 

compatible with some algebraic operation(s). 

 An equivalence relation on a set X is a binary relation on X that is reflexive, 

symmetric and transitive, i.e., if the relation is written as ~ it holds for all a, b and c in 

X that  

1. (Reflexivity) a ~ a  

2. (Symmetry) if a ~ b then b ~ a  

3. (Transitivity) if a ~ b and b ~ c then a ~ c  

The demand of compatibility with some algebraic operation means that given 

two elements that are equal, the results of the function applied to them (separately) 

are also equal. 

For example, equivalence relation R ⊆ × is congruence if both R(0,0) and 

R(x, y) ⇒  R(s(x), s(y)) hold for all x, y ∈ . 

Latter we shall introduce the dual notion of congruence – bisimulation. 
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3. Algebraic specification of abstract data types 
 

3.1 Data Abstraction 
 

Data abstraction is the most significant way of reducing the amount of complexity 

or detail that program designer must consider at any instant in time. The idea of data 

abstraction has had impact on the development of programming languages and on 

programming methodology. 

Quoting [8]: “The history of programming languages may be characterized as the 

genesis of increasingly powerful abstractions to aid the development of reliable 

programs. “  

Roughly, we may distinguish between two categories of abstractions:  

1. Abstractions that aid in specifying control (including subroutines, procedures,         

if-then-else constructs, while-constructs). 

At the point where subroutine is invoked it can (and often should) be treated as 

a “black box”. It performs a specific abstract function by means of an 

appropriate algorithm. At the level where it is invoked, it separates the relevant 

detail of “what” from the irrelevant detail of “how”. Unfortunately, the nature of 

the abstraction that may be achieved through the use of subroutines is very 

limited. Subroutines are well suited to describe abstract operations, but they 

aren’t suitable in description of data that is employed in a program. However, in 

many applications the complexity of the manipulated data contributes 

substantially to the overall complexity of the program. 

2. Abstractions that allow us to hide the actual representation of the data employed 

in a program (introduced to support the information hiding approach [12]). 

A data abstraction, or abstract data types (often also called user-defined data 

types) have a type domain, whose representation is unknown to client, and a set 

of operations defined on the domain. 

The idea of data abstraction was first represented in 1972, when David Parnas 

published his work on modularization [14].  He showed the value of 

decomposition of the system into a collection of modules supporting a 

procedural interface to hidden local state. He pointed out the usefulness of 

modules for facilitating modification or evolution of a system. His specification 
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technique [12] for describing modules as abstract machines has not been 

generally adopted, but the module concept has had a great impact. Notion of 

abstract data types was first formulated in their pure form in CLU [9,10].  

Although types were originally considered as a convenient means to assist the 

compiler in producing efficient code, types have rapidly been recognized as a 

way in which to capture the meaning of a program in an implementation-

independent way. 

 

In this work we are interesting with second category of abstraction – ADTs and in 

particular in algebraic specification of ADTs.  

The data types used by computer scientists are often generated from given 

collection of constructor operations (as was shown in previous section, these are 

operations going into the underlying domain).  

From a type-theoretical perspective, our interest is to identify abstract data types as 

elements of some semantic (mathematical) domain and to characterize their properties 

in an unambiguous fashion. 

There seems to be almost no limit to the variety and sophistication of the 

mathematical models proposed to characterize abstract data types. These include 

algebraic models (to characterize the meaning of abstract data types, the approach 

emerged in 1974/75 with papers [9,15,16,17,38]), models based on the lambda-

calculus and its extensions (which are primarily used for a type theoretical analysis of 

object-oriented language constructs [36]), algebraic process calculi (which may be 

used to characterize the behavior of concurrent objects [18]), operational and 

denotational semantic models (to capture structural and behavioral properties of 

programs [19, 20, 21]), and various specification languages based on first or higher-

order logics (which may be used to specify the desired behavior of collections of 

objects. The examples of specification languages are: CLEAR, LOOK, OBJ, ACT 

ONE , ASL, PLUSS; the languages COLD and Extended ML include algebraic 

specifications as a structuring formalism for specifying data types and programs). As 

was mentioned above, we will limit ourselves to studying algebraic models capturing 

the properties of abstract data types. 
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This approach is a quite well-established method for the formal specification of 

abstract data types. A type (or sort3) in an algebra corresponds to a set of elements 

upon which the operations of the algebra are defined. 

 
 

3.2 Algebraic specification 
 

Algebraic specification techniques have been developed as a means to specify the 

design of complex software systems in a formal way. Historically, the ADJ-group (see 

[11,15,16]) provided a significant incentive to the algebraic approach by showing that 

abstract data types may be interpreted as (many sorted) algebras.  

Abstract data types may be considered as modules specifying the values and 

functions (operations) belonging to the type. Thus, we characterize a type T as a tuple 

specifying the set of elements constituting the type T and the collection of functions 

related to the type T.  Since constants may be regarded as zero-ary functions (having 

no arguments), we will speak of a signature ∑ defining a particular type T (hence by 

definition given in section 2.2 we obtain ∑ - algebra). 

A signature specifies the names and (function) profiles of the constants and 

functions of a data type. In general, the profile of a function is specified as  

          1: nf t t t× × →  

where ti (i= 1..n) are the types of the arguments of the function f, and t is the result 

type of f. In the case  n=0 the function f may be regarded as a constant. More 

generally, when t1,...,tn  are all unrelated to the type T being defined, we may regard f 

                                                           
3In section 2.2 we get definition of T-algebra. It has to be emphasized that we are dealing with single-

sorted (single-typed) algebras. (In the context of algebraic specifications the notion of sorts has the 

same meaning as types). It has to be distinguished from many-sorted (many-typed) algebras. 

Informally, for any set S, an S-sorted set X is a family { }s s SX ∈  of sets indexed by S. 

A signature is a pair <S, F> where S is a set (of sorts) and F is a set (of function symbols) such that F is 

equipped with mapping type: S*→S. A many-sorted ∑ -algebra has a carrier set for each sort of ∑  

and a function on these sets for each function symbol of∑  (see [6, 16] for more information). 

The approach that will be used in our work based on single sorted algebras  (those that have a single 

carrier set). 
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as a relative constant. Relative constants are values that are assumed to be defined in 

the context where the specification is being employed. 

 

To show how from signature ∑ we obtain ∑ -algebra, we shall illustrate the link 

between signatures and functors. Let ∑ be a single-typed signature, given by a finite 

collection ∑ of operations σ , each with an arity ar(σ )∈ . Each σ ∈ ∑ will be 

understood as an operation 

                                              
( )

:
ar times

X X X
σ

σ × × →  

taking ar(σ ) inputs of some type X, and producing an output of type X. With this 

signature ∑  (with set of operations {σ 1,…, σ n}) we associate a functor 

                                              1( ) ( )( ) nar arT X X Xσ σ
∑ = + + , 

where for m∈ the set mX is the m-fold product  X X× × . An algebra 

( , : )U a T U U∑ → of this functor T ∑ can be identified with an n-cotuple 
1( ) ( )

1[ , , ] : nar ar
na a a U U Uσ σ= + + →… of functions ( ): iar

ia U Uσ → interpreting the 

operations σ i in ∑ as functions on U (in case we have constant in signature ∑ , the 

operation which arity is zero, we get associated map 0 1U U= → , which give us a 

element of the carrier set U as interpretation of the constant). Hence algebras of the 

functor T ∑  (which we will simply call ∑ -algebra) correspond to models of the 

signature ∑ . 

 

 As an example of an algebraic specification, we present finite list as a simple 

example of an abstract data type.  

Thus, consider for a fixed data type A, the set A* = list(A) of finite sequences 

(lists) of elements of A. Algebraically one describes how to build up such list by 

giving their constructors nil and cons: list(A) is either the empty list nil, or of the 

form cons(a, l) where l is a list, and a∈A. 

So, the algebraic specification will be: 

 

                                  nil: 1→X  

                                  cons: A X X× →  
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The two constructors of the abstract data type List(A) have the type nil:1→List(A) 

( where 1={*}) and cons: ( ) ( )A List A List A× → . 

Since we have to join the two constructors to a single one by 

                       [ , ] :1nil cons A X X+ × → , 

in the formal framework of initial T-algebras the corresponding endofunctor Tlist: 

Set→Set is given by 

                       1ListT X A X= + × . 

 

  An arbitrary TList-algebra is given by a pair  (C, : ListT C Cα → ). 

 

Claim: 

An initial TList-algebra is given by (A*, [nilA*, consA*]) where, as mentioned above,  

A* denotes the set of all finite sequences of elements in A, nilA*:1→  A* denotes the 

empty sequence (as a  constant operation on A*) , and consA*: * *A A A× →  joins an 

element at the beginning of a sequence.  

Proof: 

To prove initiality, assume we have an arbitrary set U carrying a TList-algebra 

structure [ , ] :1u h A U U+ × → . We have to define a “mediating” homomorphism 

f:A*→U. We try: 

 

                    
                  if =nil           

( )
( , ( )) if =cons(a, ).

u
f

h a f
α

α
β α β

⎧
= ⎨
⎩

 

 

(where we simply write u instead of u(*)). 

We have to verify, that f is the unique function making the following diagram 
 

 

 

 

 

 

 

 

U 

1 ( *)A A+ × 1 ( )A U+ ×
( )id id f+ ×

A* 

f 

[nil, cons] [u, h] 
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commutes.  

This can be verified by distinguishing for an arbitrary element 1 ( *)x A A∈ + × in 

upper-left corner the two cases x=<0,*>=k(*) and x=<1, a l× >= '( )k a l× , for a∈A 

and  l∈A* . (For two sets X,Y we write their coproduct (disjoint union) as X+Y; 

explicitly: X+Y={<0,x>|x∈X} ∪ {<1,y>|y∈Y}, the first components 0 and 1 serve to 

force this union to be disjoint. These “tags” enable us to recognize the elements of X 

and Y inside X+Y. Thus we have: k(x)=<0,x> and k’(y)=<1,y>). 

In the first case x=k(*) we get 

        ([ , ]( ( ))) ( ) [ , ]( ( )) [ , ](( ( ))( ( ))).f nil cons k f nil u u h k u h id id f k∗ = = = ∗ = + × ∗  

In the second case x= '( )k a l× we similarly check: 

            ([ , ]( '( ))) ( ( , )) ( , ( )) [ , ]( '( ( )))f nil cons k a l f cons a l h a f l u h k a f l× = = = × =  

        [ , ](( ( ))( '( ))).u h id id f k a l= + × ×  

Hence we may conclude that ([ , ]( )) [ , ](( ( ))( ))f nil cons x u h id id f x= + × , for all 

1 ( *)x A A∈ + × , i.e. that [ , ] [ , ] ( ( ))f nil cons u h id id f= + × . 

Now remain to show that f is the only map making the diagram commute. If 

g:A*→U also satisfies [ , ] [ , ] ( ( ))g nil cons u h id id g= + × , then g(nil)=u and 

g(cons(a,l))=h(a,g(l)), by the same line of reasoning followed above 

( ( ) ([ , ]( ( ))) [ , ](( ( ))( ( ))) [ , ]( ( ))g nil g nil cons k u h id id g k u h k u= ∗ = + × ∗ = ∗ =  and 

second line in similar way). Hence g=f:A*→U. 

Q.E.D. 

 

The initiality may be used to define functions and to prove properties of defined 

function by induction. 

 

The specification of the signature of a type (which lists the syntactic constraints to 

which a specification must comply) is in general not sufficient to characterize the 

properties of the values of the type. In addition, we need to impose semantic 

constraints (in the form of equations) to define the meaning of the observer functions 

and to identify the elements of the type domain that are considered equivalent (based 

on the intuitions one has of that particular type).  
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Given a suitable set of equations, in addition to a signature, we may identify the 

elements that can be proved identical by applying the congruence relation (see section 

2.2 for definition). 

Operationally, equations may be regarded as rewrite rules, that allow us to 

transform a term in which a term t1 occurs as a subterm into a term in which t1 is 

replaced by t2 if t1= t2. For this process to be terminating the requirement that the 

right-hand side must in some sense be simpler than the left-hand side must be met. 

Also, when defining an observer function, we must specify for each possible 

construction operation an appropriate rewriting rule. 

We return to the example of natural numbers from section 2.2 to illustrate the 

notions introduced above. But in this case two additional functions (mul and plus) are 

defined for the type.  

The specification of the signature:  

                              0 :1 N→  

                              :S N N→  

                              :mul N N N× →  

                             :plus N N N× →  

  We also introduce the following axioms (semantic constraints): 

                             plus(x,0) = x 

                            plus(x,S(y)) = S(plus(x,y)) 

                            mul(x,0) = 0 

                            mul(x,S(y)) = plus(mul(x,y),x) 

  

Using the axioms above, we may eliminate the occurrences of the functions mul 

and plus to arrive (through symbolic evaluation) at something of the form Sn (0) 

(where n corresponds to the magnitude of the natural number denoted by the term).  

The opportunity of symbolic evaluation by term rewriting allows (under some 

restrictions) for executable specifications and has made the algebraic approach 

popular for the specification of software. 

Since they do not reappear in what may be considered the “normal forms” of terms 

denoting the naturals (that are obtained by applying the evaluations induced by the 

axioms), the functions plus and mul may be regarded as “secondary” producers. They 

are not part of the construction operations of the type Nat. 



 33

 Hence, definition of mul and plus for the case 0 and S(x), covers all constructors 

and allows us to prove properties of these functions by using structural induction on 

the possible constructors. The proof obligation (in the case of the naturals) then is to 

prove that the property holds for the function applied to 0 and assuming that the 

property holds for applying the function to x, it also holds for S(x). (And this is 

exactly that we call mathematical induction). 

 

In conclusion: 
The mathematical framework of algebras allows for a direct characterization of the 

behavioral aspects of abstract data types by means of equations, provided the 

specification is consistent. Operationally, this allows for the execution of such 

specifications by means of term rewriting, provided that some (technical) constraints 

are met. The model-theoretic semantics of algebraic specifications centers around the 

notion of initial algebras, which gives us the “preferred” model of a specification. 

 



 34

4. Coalgebraic specification of classes 

The essential difference between algebras and co-algebras is that the former have 

“constructors” (operations going into the underlying carrier set, which are used to 

build elements) where the latter have “destructors” or  “observers” (operations going 

out of the carrier set, which allow us to observe certain behavior).  (This distinction 

between construction and behaviour is in essence the distinction between abstract data 

types and object-oriented programming described in [1]). Thus algebras are useful for 

describing constructions, where the user wants to reason about the internal structure. 

Coalgebras are useful for describing observations where the internal structure is 

hidden. 

 

4.1. Construction versus Observation 
In section 2.2 we already described notions of constructors and observers. In this 

section we will emphasis the difference between them. 

Abstract data types exploit the idea that every element of the type can be 

constructed from some set of base elements. Induction rules, that serve for definition 

and proof in this case, hinge on the fact that the set of objects under consideration is 

partially ordered by some well-founded order. (An order is said to be well-founded if 

there are no infinite descending chains4 or more formally iff every non-empty subset 

of each chain has a least element). Induction is a natural proof principle to use for 

“constructed” datatypes since the process of construction supplies a well-founded 

relation on the type.  

 

However, it is not the case that all datatypes naturally occurring in computer 

science conform to this construction style of definition.  

Consider a machine that supplies the numbers for queue (in some office) the 

machine has a roll of printed numbers and a button. Pressing the button causes the 

machine dispense a number. If the machine runs out of numbers, it stops (some final 

state is reached). It is far more natural to discuss this machine in terms of observing 

what the number is, and observing the state of the machine after it has dispensed a 

                                                           
4  Definition 

Let P be a finite partially ordered set. A chain in P is a set of pairwise comparable elements (i.e., a 
totally ordered subset of P). 
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number, than in terms of how one number or state of the machine is formed from the 

previous number and state. The problem with trying to prove any formal properties 

for the machine described in terms of observation is that the natural order imposed by 

the description isn't necessarily well-founded. It is theoretically possible to have 

machines that never reach their final state (for instance, in the example, the roll of 

numbers might be refilled regularly before the previous roll runs out). Non-

termination in this case is not “buggy”; it is undesirable behaviour in the number 

machine if it runs out of numbers  .  

 

4.2. Object-Oriented Programming (brief description) 
The requirement to manage some piece of state through an interface frequently arises 

in programming. This piece of state can consist of several variables (fields). Therefore 

some technology is needed to ensure updating of these variables in a coordinated 

manner. Object-oriented programming is a useful technology for accomplishing this 

task. 

In object-oriented programming each managed piece of state is called an object. 

An object consists of several fields, with associated methods that have access to the 

fields. In general, objects are dynamic entities: they can be created dynamically and 

the internal state (comprising the values of the fields) of each object can change 

during its lifetime. One of the most important principles of object-oriented 

programming is that the fields of one object cannot be accessed directly by other 

objects (information hiding). The only way in which objects can interact is by sending 

messages. A message is a request for the receiver to execute one of its methods, and 

such a method can access the fields of the object it belong to. Together, the methods 

that an object provides constitute a clearly defined interface to the outside world. The 

fact that every access to an object takes place through this method interface gives rise 

to a powerful protection mechanism, which protects the data of each object against 

uncontrolled access from other objects. This mechanism also provides a separation 

between the implementation of an object and the behaviour that can be observed from 

outside. 

Usually the management of several pieces of state with similar methods is needed. 

To facilitate the sharing of methods, object-oriented programming systems provide 

classes, which are structures that specify the fields and methods of each such object. 
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Each object is created as an instance of some class. (One of the key concepts of 

object-oriented programming is inheritance. The issue of inheritance will not be 

covered in the work).  

We shall distinguish between class specifications, and class implementations. The 

latter will often be called classes. A class specification is like an abstract class, in 

which methods with their signatures are given, but without their actual 

implementation. But assertions are there to put behavioural constraints on methods. 

Implementation of the methods is given in a class implementation – also called a 

concrete class, or simply class. The essentials are put in the class specification, and 

the particulars in the class implementation (which is of no concern to a client). Such a 

separation is useful in situations where implementation details vary (e.g. from 

platform to platform, or from time to time). Also, it opens up possibility of formal 

verification of classes. 

Well known object-oriented languages are: Smalltalk, C++, Eiffel, Java , Ada-95.  

Despite of success of these languages, however, almost thirty years of experience 

in software engineering have also shown that the implementation view of system 

tends to overspecification. In particular the concrete choice of data representation 

conflicts with aspects of extensibility and reusability. Formal specification techniques 

have therefore been developed in order to overcome this problem. Allowing the 

description of systems in an implementation independent way, as already has been 

pointed in previous section, a formal specification states what a system does rather 

than how it does it.  
 

4.3. Coalgebraic specification of classes 
Standard algebraic techniques have proved useful in capturing various essential 

aspects of data structures used in computer science. But it turned out to be difficult to 

algebraically describe some of the inherently dynamical structures occurring in 

computing. Such structures usually involve a notion of state, which can be 

transformed in various ways. Formal approaches to such state-based dynamical 

systems generally make use of automata or transition systems [37, 40, 43]. Recently 

the insight gradually grew that such state-based systems should not be described as 

algebras, but as coalgebras. Coalgebras had previously been found to be suitable for 
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the description of the dynamics of systems such as deterministic automata [44]. 

Traditionally these are represented as tuples 

         , , : , :Q A Q A Q Q Bδ β× → →  

consisting of a set of states Q, an input alphabet A, a next state function δ  ,and an 

output function β (in addition a initial state is often specified as well). Alternatively, 

such a automaton can be represented as a coalgebra of the form 

            , : ( )AQ Q Q Bα → × , 

where AQ  is the set of all functions from A to Q, and α  can be defined in an obvious 

manner from δ and β (and vice versa). 

As already was mentioned above, coalgebra are nowadays used to describe the 

behaviour and reasoning about classes in object-oriented programming, and this use 

of coalgebra is a central point in our work and will be elaborated below following [2, 

4].  

Summarizing description given in section 2.2:  

In example of coalgebra in that section we have seen a state space X about which 

we make no assumption. On this state space a function is defined, often consisting of 

different components, which allow us either to observe some aspect of the state space 

directly, or to move on the next states. We have limited access to this state space in 

the sense that we can only observe or modify it via these specified operations. In such 

a situation all that we can describe about a particular state is its behaviour, which 

arises by making successive observations. 

This leads to the notion of bisimilarity of states: it expresses of two states that we 

cannot distinguish them via the operations that are at our disposal, i. e. that they are 

“equal as far as we can see” [39]. But this does not mean that these states are also 

identical as elements of X.  

Thus, the main aspect of an object that we wish to capture coalgebraically is that it 

has a local state, which is only accessible via specified operations (implemented in the 

class of the object). Classes (or, class implementations) will be presented as 

coalgebraic models of class specifications, and objects (belonging to a class) as 

elements of the carrier set of the class (as coalgebra). 
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Definition  
 A class specification is a structure, which has a name, and consists of three 

components . 

(i) A finite set of (unary) methods of the form  

                         X A B C X× → + ×  

on a local state space X. The polynomial functor T associated with this signature of n 

such coalgebraic operations is 

                        1
1 1( ) ( ) ( ) nA A

n nT X B C X B C X= + × × × + × . 

 (ii) Assertions, which may be conditional. They regulate the behaviour of the 

objects belonging to the class . 

(iii) The observable properties that hold for newly created objects, using new .

These may be either with or without parameters . 

 

One may distinguish between public and private methods, where one object may 

only send messages requiring execution of a public method in another object. But an 

object may send messages to itself asking for execution of its own private methods. 

The methods that we consider have output types B C X+ × . This means that they can 

produce either an observable element in B, or an observable element in C together 

with a new state in X. If B = 0, then we only have the second option, and if C = 0, 

only the first one remains. In the last case the associated method gets the form 

X A B× →  and may be called an attribute, since it yields an observable element in B 

and does not change the local state space. Methods, which do affect the local state, 

may be called procedures. 

We can also capture methods of the form  

                                   X A X D X× → + ×  

by using the isomorphism (1 ) 0 (1 )X D X D X D X+ × ≅ + × ≅ + + × , so that we have 

an isomorphic output of the required format, but in every alternative of + at most one 

next state can be produced. 

 

Example 
In this and next section to illustrate main ideas and techniques we will accompany 

our explanation with very simple example of specification of class of elementary bank 

accounts. The only methods that will be defined are bal, which gives the balance of 
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the account, and ch, which allows to change the amount of money in the account. This 

method receives as parameter the amount of money to add to the current amount in 

the account. Thus we have method of form: X A X× → , that can equivalently be 

described as a function AX X→  taking the state as a single argument, and yielding a 

function A X→ from parameters to states (currying). The assertion that should hold 

is that the balance after change has to be equal to the balance before change plus the 

parameter of change. 

Thus the class specification should be like: 

     class spec: BA                     # name of the specification; BA for Bank Account  

public methods : 

   bal: X → Z                     # this is an attribute 

   ch: X X× →Z               # this is a procedure, with parameter from Z  

assertions : 

   s.ch(a).bal =                    # in OO-style with post fix notation, where s ∈  X  

   s.bal + a                          # with ‘s’ for ‘self’  

creation : 

   new.bal = 0  

end class spec  

In this specification we say what methods we want for our bank account and which 

equational assertions should hold. The equation s.ch(a).bal = s.bal + a should be read 

as: if one sends to object with state s the change message ch with parameter a and 

then asks for the balance bal, then the outcome is the same as first asking the object 

for its balance, and then adding the amount a. The last point of the specification 

mentions that newly created objects of this class have 0 ∈  Z as their balance. It 

describes the behaviour of the initial state. As an observer on the outside, we do not 

really care how the operations of such bank accounts are implemented in a class, as 

long as they meet the specification. We have no access to the local state space X 

except via the above two methods. This is coalgebra. The functor T assosiated with 

the signature is ( )T X X= × ZZ . Below we shall define a class (satisfying a 

specification) as a coalgebra interpreting the function symbols in such a way that the 

assertions hold. This clear distinction between a class specification and its 

implementation corresponds to the distinction in actual languages between abstract 
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classes all of whose methods are deferred and concrete classes of all whose methods 

are implemented . 

 

4.4. Objects and class implementations 
Definition   

Consider a class specification as in the previous definition, with functor T 

associated with the signature of methods . 

(i) A class satisfying this class specification consists of three elements : 

(a) a carrier set U , giving an interpretation of the state space;  

(b) a coalgebra c: ( )U T U→  implementing the methods in such a way that the 

assertions are satisfied ; 

(c) an initial state 0u U∈ which satisfies the condition in the creation section of the 

class specification .  

(ii) An object belonging to the class c: ( )U T U→  in (i) is simply an element u∈U 

of the carrier set of the class. Sending the method implemented by ci with parameter 

ia A∈ to the object u is interpreted via function application as  

                            . ( ) ( , )
def

i i i iu c a c u a B C U= ∈ + × . 

Coming back to (i), the new operation applied to a class 0: ( ),c U T U u→  yields 

as object of the class the initial state 0u U∈ .  

 

In this picture a class contains the code (implementation) of the methods, which is 

the same for all objects of the class. And an object contains the particulars ,such as the 

data values, which can be inspected via the attributes implemented in the class.  

 

A class is often considered as a combination of two aspects: it is at the same time 

seen as a type and as a module. This fits well into the above interpretation: the “class 

as a type”' is the underlying set U, elements of which are the objects belonging to the 

class. And the “class as a module” is the coalgebra c: ( )U T U→ giving us a data type 

structure on the type U.  

For convenience we often describe a class by only giving its coalgebra, without 

mentioning its initial state u0 explicitly. 
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Example 

Consider again bank account specification BA from the previous example: we shall 

present three possible implementations, with different implementetion of the state 

space X and of the methods bal and ch. But these differences are not visible to clients. 

The functor associated with the BA-signature of methods is ( )T X X= × ZZ .  

 

(1) At first possibility we implement a bank account as a sequence of consecutive 

changes . 

Thus we take as local state space U1 =Z *, the set of finite sequences of integers. 

On an arbitrary state s = <a0,…, an>∈U1 we define methods : 

s.bal = a0 + … + an and s.ch(a) = <a0 ,…, an , a>.  

These two methods together form coalgebra c1: 1 1( )U T U→ . It obviously satisfies the 

equation s.ch(a):bal = s:bal + a. As initial state we can take the empty sequence <> in 

U1 . The pair <<>, 1 1( )U T U→ > thus forms an example of a class satisfying the 

BA-specification. And an example of an object belonging to this class is the sequence 

<2,-3>∈U1 containing some specific data. The balance of this bank account object is -

1. This is a rather inefficient implementation: asking for the balance involves adding 

up all the changes that have been made. But for a client who can only access objects 

via the balance and change methods, these implementation details are not visible . 

(2) Our second implementation keeps a record of changes, but this time the 

additions are done immediately so that taking the balance gives a more direct 

answer. So we now take as local state space U2 = +Z , the set of non-empty 

sequences of integers. For an element s = <a1 ,…, an>∈U2 we define  

                                      s.bal = an and s.ch(a) =<a1 ,…, an, an + a>.  

This gives us a coalgebra c2 : 2 2( )U T U→ , which also satisfies the equation. An 

object of this class consists of a non-empty sequence of integers, with the last integer 

in the sequence as its current balance. So as initial state one can take the sequence 

consisting only of 0 ∈  Z . (But we could also take the state <1, 0>; it is “bisimilar” 

to <0>, see the next section.)  

(3) We mention a third implementation, which simply has as local state space the 

set U3 = Z of integers. For a state s ∈  U3 we define  

                            s.bal = s and s.ch(a) = s + a.  
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A bank account object with this coalgebra, call it c3 : 3 3( )U T U→ , has as local state 

an integer that represents the current balance. In a sense this is the most efficient 

implementation, containing all the information we need, and nothing else. In a 

mathematical sense it distinguishes itself as the “terminal coalgebra”, i.e. as the 

terminal object in the category of coalgebras X X→ × ZZ satisfying the bank account 

equation. The coalgebraic approach thus allows us to characterize these minimal 

realizations . 
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5. Bisimulation, Coinduction Proof Principle and 
Invariants. 

 

A bisimulation is a relation on the state space of a coalgebra that relates states that 

cannot be distinguished by their observable behaviour. An invariant is a predicate on 

the state space that, once it holds for a state x, remains valid for all states that can be 

reached from x.  

 

5.1. Bisimulation 
We start with fairly intuitive illustration of notion of bisimulation. The example that is 

used in this section to illustrate the definitions is again the example of the bank 

account specification from the previous section. More formal characterization of 

bisimulation for this specification will be given latter in the section. 
 

Example 

For coalgebra 1 2, : AX A Xα α α=< > → × , that describes the structure of bank 

account specification, and a state x ∈X one can observe the balance in account. A 

relation R X X⊆ × is bisimulation for α if it relate only elements that cannot be 

distinguished by observations. Formally, R must fulfil: 

          x R y implies   
1 1

2 2

( ) ( )
: ( , ) ( , )
x y and

a A x a R y a
α α

α α
=⎧

⎨∀ ∈⎩
  

for all x,y ∈X. 

 

For coalgebras one needs a definition of bisimulation which is parametric in the 

functor that describes the signature. There are two traditions: Following Aczel and 

Mendler [45] a bisimulation is the state space of a coalgebra which makes a certain 

diagram (of coalgebra morphisms) commute. 

 

Definition 
Assume an endofunctor T on Set and coalgebras : ( )U T Uα → and : ( )V T Vβ → . 
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A relation R U V⊆ ×  is called a bisimulation (for α and β ) if there exists a 

coalgebra : ( )R T Rγ →  such that the projections : R Uπ →  and ' : R Vπ → are T–

coalgebra morphisms (i.e., if the diagram below commutes). 

  

 

 

 

 

 

 

 

The second tradition stems from Hermida and Jacobs [32], they define a special 

operation —called relation lifting— for polynomial functors. Relation lifting is then 

used to define bisimulations. This is inductive formulation, based on the (polynomial) 

structure of functor.  

 
Example 

For bank account coalgebra the notion of bisimulation that comes out from the 

Hermide and Jacobs definition is: 

x R y  implies   ( , ) ( , ) . ( ) ( )x a f y b g a b a A f a R g aα α= ∧ = ∧ = ∧∀ ∈ , where f and 

g are functions: : , :f A X g A Y→ → . 

 

We will give here more simple definition, in terms of polynomial functor, used in 

definition of class specification in section 4.3. 

 
Definition 

Let T be the polynomial functor on category Set: 
1

1 1( ) ( ) ( ) nA A
n nT X B C X B C X= + × × × + × , 

and let : ( )U T Uα → and : ( )V T Vβ → be two coalgebras of this functor (describing 

class). A relation R U V⊆ × on the two state spaces is called a bisimulation if for 

u U∈  and v V∈ , in case R(u,v) holds, then for each i n≤ and ia A∈ we have one of 

the following two cases: 

U 

T(U)

R V 

T(R) T(V)

π 'π

( ')T π( )T π

α γ β
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• both ( , ) ( , )i iu a and v aα β are in Bi and they are equal. 

• both ( , ) ( , )i iu a and v aα β are tuples, of the form ( , ) , 'i u a c uα =< > and 

( , ) , 'i v a c vβ =< >with equal first components in Ci and with R(u’,v’). 

 

We described the notion of bisimulation for bank account coalgebra that comes out 

of the preceding definition at the beginning of this section. It is not hard to see the 

similarity between that notion and the one in the previous example. 

 

Definition 
Two elements u U∈ and v V∈ are called bisimilar if there is a bisimulation 

relation R U V⊆ × with R(u,v). In this case one can write u v↔ . 

 

5.2. Coinduction proof principle 
The notion of final coalgebra that was described in section 2.2 is crucial for the 

theory of coalgebras. As was shown in section 3, an important property of initial 

algebra is that they satisfy the familiar principle of induction (induction is used both 

as a definition, and as a proof principle). Using notion of final coalgebra we can 

formulate the definition and proof principle, which is coalgebraic counterpart of the 

inductive principle for initial algebras, and which therefore are called coinductive. 

As a definition principle coinduction allows to construct functions into a final 

coalgebra, that is, to construct states of a final coalgebra. The coinduction proof 

principle allows proving that two states of the final coalgebra are equal. 

 

Theorem 
Let : ( )Z T Zα → be a final T-coalgebra. For all z and z’ in Z, if R(z, z’), for some 

bisimulation R on Z, then z = z’. 

Proof: 

The proof of the theorem follows immediately from definition of bisimulation by 

Aczel and Mendler [45] and finality of α . 

 

5.3. Invariants 
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Similar to bisimulations invariants can be either defined as subcoalgebras or via 

predicate lifting. 

Following Aczel and Mendler [45] : 

Definition 
Assume an endofunctor T on Set and coalgebras : ( )U T Uα → . A predicate 

P U⊆ is called invariant (for α ) if there exists a subcoalgebra on P, that is if there is 

coalgebra : ( )p P T P→ such that the inclusion :i P U→ is T-coalgebra morphism 

p α→ (i.e. the diagram below commutes). 

 

 

 

 

 

 

Invariants were first called mongruences in [33] (in analogy with congruences). 

Rutten in [39] uses the term subsystem for invariants. 

 
It can be shown that for polynomial functors the Hermida/Jacobs notions of 

invariant and bisimulation coincide with the Aczel/Mendler notions. 

 

In the application domain of coalgebras one is mainly interested in the question if 

two systems (or two states) behave in the same way. If they are equal is usually not of 

interest. Therefore, for coalgebra, the notion of bisimulation replaces equality both in 

specifications and in reasoning. 

 

P U 

T(P) T(U)

i 

p 

T(i) 

α
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6. Reasoning about classes: logical models and tools 
In algebraic specification pieces of software are modeled as algebras. Then it is 

possible to describe (and prove) their properties within a logical framework. With 

algebraic specification we can describe the properties of finitely generated data 

structures (like lists or binary trees) and functions (i.e., programs) that manipulate 

these data.  

In coalgebraic specification we use coalgebra to describe the properties of 

inherently dynamical structures, that involve notion of hidden state. 

Verification means the development of formal proofs that show that the modeled 

software behaves as intended. This may involve the derivation of properties from the 

axioms of a specification, the proof of refinement relations between different 

specifications, and the construction of models. The mathematics that is involved in 

software verification is often rather simple. However, a complete verification requires 

many case distinctions and an essential amount of simple reasoning and computation. 

Therefore nontrivial verification examples require the use of theorem provers. A 

theorem prover is a software tool, that implements logic and a derivation system to 

check and find proofs. 

A theorem prover can do the entire simple reasoning in verification (i.e., checking 

side conditions, ensuring that case distinctions are complete and so on). The person 

who carries out the verification can then concentrate on the important (and difficult) 

parts. The well-known theorem provers are PVS5 and ISABELLE/HOL6. 

Both tools are interactive theorem provers for higher-order logic. 

As was shown before both algebras and coalgebras have their advantages and 

disadvantages. Coalgebras are good for representing (possibly) infinitely running 

processes; algebras are good for finitely generated data types like lists or trees. 

Software systems usually involve both — data types and processes. For the 

specification it is therefore desirable to use a language that allows both algebraic and 

coalgebraic specifications. The language should further allow the nested use of all 

specifications. That is, it should allow (co) algebraic specifications that use types that 

have been defined by an algebraic or coalgebraic specification before. The 

                                                           
5 Home page: http://pvs.csl.sri.com/ 
 
6 Home page: http://isabelle.in.tum.de/ 
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Coalgebraic Class Specification Language CCSL [22, 23, 24, 25, 26, 27, and 28] is a 

specification language that has these properties. 

The design and implementation of CCSL was performed as a part of the LOOP 

project (LOOP stands for Logic of Object-Oriented Programming). It is a project on 

formal methods for object-oriented languages. It started in 1997 as a joint project 

between the University of Nijmegen and the Dresden University of Technology. 

Specifications in CCSL can be translated into (their semantics in) the higher-order 

logic of the theorem provers PVS and ISABELLE/HOL. This makes it possible to 

examine the properties of a CCSL specification in the theorem prover. 

 
 

6.1. A coalgebraic bank account specification in CCSL 
We continue consider a bank account example from previous sections. A 

specification consists of a series of (coalgebraic) class specifications, abstract data 

type declarations, and ground signature extentions, possibly split over several files. In 

our work we only consider class specifications. 

CCSL source code for the bank account specification is: 

 

Begin BankAccount : ClassSpec 

  Method 

    bal: Self -> int; 

    ch: [Self, int] -> Self; 

 

  Constructor 

    New_account : Self; 

 

  Assertion 

      SelfVar s : Self 

      Var t : int 

    bal_ch : s.ch t.bal = s.bal + t; 

 

  Creation 

    bal_nil: new_account.bal = 0; 
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End BankAccount 

 

 

Formally, a class specification describes all possible implementations of a given 

class interface. A class, that is a particular implementation, fixes a state space (given 

as the public and private attributes in an object-oriented language) and the functional 

behaviour of the methods. Formally such an implementation is a model of the 

specification if it fulfills all the properties that are requested in the specification. An 

object (or more precisely the state of an object) corresponds to an element in the state 

space. The special type Self stands for this state space, that is, it contains all objects 

and object states. Usually this type Self is not written explicitly in object-oriented 

languages, but it is there implicitly as the receiver of method invocations. 

What is coalgebraic about such specification is that all methods act on Self, i.e. 

have Self as one of their input types (more precisely, the methods can all be written, 

possibly using currying, in the form ( )iSelf T Self→ ; and they can be combining into 

a single operation 1( ) ( )nSelf T Self T self→ × × ). 

 
6.1.1. The signature 

The class specification starts with the keyword Begin and the name of the 

specification. It is followed by the declaration of the type parameters in square 

brackets (if there are such parameters). For bank account specification all methods 

receive arguments of the type integer, so we don’t need to declare type parameters. 

The type parameters of CCSL are very similar to PVS: They introduce a form of 

parametric polymorphism. 

A colon and the keyword ClassSpec follow the type parameters. This indicates that 

BankAccount is a class specification. CCSL also knows abstract data types (keyword 

Adt) and ground signature extentions (keyword Groundsignature).The specification 

is closed with End . The body of specification in between consists of several sections. 

Each section starts with a descriptive keyword like Method or Assertion. In general 

all sections are optional (as long as the specification is not empty), sections can occur 

several times and their order is irrelevant.  

 In the example we declare two methods: bal and ch (which meaning was described 

in section 4). 
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  Like in pure mathematics side effects are not possible in the theorem provers PVS 

and Isabelle and also in CCSL. That is, there are only constants and no variables: once 

a value has been assigned it is impossible to change it. Side effects have to be 

modeled in the functional way, like it done in a pure functional programming 

language, such as Haskell. 

With a coalgebra alone it is not possible to create (or compute) new objects unless 

one knows already some existing object, thus there is Constructor's declaration in 

CCSL.  

The type of a constructor must be Self or a function type with a codomain of Self. 

If the constructor is a function, Self must not occur in its domain. The sole purpose of 

constructors is to provide (parameterized) initial states. The copy-constructors of C++ 

that generate a copy of their argument are not constructors in the sense of CCSL. In 

our example bank account specification declares only one constructor new_account. 

The methods and constructors together form the signature of a specification. The 

signature deals only with the typing aspects of a specification. It says which 

operations are available and which type these operations have. It does not say 

anything about the behaviour of these operations. For CCSL the signature of a 

specification determines the notions of bisimulation and invariant for that 

specification. 
 
6.1.2. The Axioms 

In the previous section we described the structural aspects of coalgebraic 

specification. Now we turn to the logical aspects. The structure of the bank account 

specification contains nothing to actually restrict the class of models to those that can 

be considered as a bank account. 

In this part we describe a logic that allows one to express properties of methods 

and constructors from coalgebraic class signature. A signature together with a set of 

logical formulae is called a specification. The models of specification are those 

models of the signature that fulfil the formulae. 

Thus we can see that the example above (of CCSL source code for a bank account 

specification) also defines the logical properties that are required from the operations 

in the bank account signature. These logical properties are divided into assertions and 

creation conditions. Assertions are used to determine the behaviour of the methods. 

Constructors are not allowed in assertions. The creation conditions are used to state 
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properties about the constructors. In a creation condition one can use both methods 

and constructors. 

Assertions are formulas that contain one free variable of type Self. This way an 

assertion can be turned into a predicate on the state space. The name of this free 

variable is given via the SelfVar declaration (if the SelfVar declaration is omitted it 

defaults to x). 

It is possible to declare other variables, like t in our example. These other variables 

are implicitly universally quantified. All the variable declarations apply to the entire 

assertion section.  

Any assertion section can contain arbitrary many assertions. Each of them consists 

of a name, a colon, the actual formula, and a semicolon. The formula is actually a 

term of type bool because CCSL relies on higher-order logic, which does not 

distinguish between terms and formulas. 

Creation condition has the same syntax as assertions. Except that the SelfVar 

declaration is not permitted. 

The assertion bal_ch requires that bal directly after ch yields as result the sum of 

previous amount in the account and the amount that just added.  The creation 

condition bal_nil says that amount in new_account is 0. 

The symbol ‘=’ means usual equality. In CCSL we can describe behavioural 

equality by symbol ‘~’. This means indistinguishable by the operations from the 

signature.  

Behavioural equality makes it possible that a model of a specification contains 

redundant states or that the states contain redundant information (which is invisible 

through the operations of signature). It is an important concept in coalgebraic 

specification: It replaces equality on types that involve Self. Behavioural equality is 

defined via the notion of bisimulation. In turn the definition of bisimulation is directly 

derived from the signature of the class specification. 

 
6.1.3. Running the CCSL compiler 

In order to reason (with PVS tool support) about such a Bank account class 

specification, it has to be modeled in the higher order logic of PVS. The CCSL 

compiler translates CCSL specifications into higher-order logic either for PVS or 

ISABELLE/HOL (in our work we only use CCSL in conjunction with PVS). 
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The CCSL compiler is a command line tool in the UNIX tradition. Assuming that 

the bank account specification is saved in the file account.beh we invoke the compiler 

with call “ccslc account.beh” from the command line. As result the CCSL compiler 

generates a number of PVS source files. These files have either suffix .pvs and 

contain PVS specifications or suffix .prf for PVS proof scripts.  

For each specification spec in the input the compiler generates a file 

spec_basic.pvs that contains the semantics of spec in the logic of PVS. 

The compiler also generates a lot of standard result and convenience lemmas. For 

some of these lemmas there are proof scripts in spec_basic.prf. The compiler also 

generates the files ccsl_prelude.pvs and ccsl_prelude.prf that contain those parts of 

the CCSL prelude that are not predefined in PVS. The generated files can be directly 

loaded into PVS. 

Space restrictions prevent us from discussing all generated PVS theories in detail 

(the file BankAccount_basic.pvs, that was generated for bank account specification 

contains near 800 lines), so we concentrate on the essentials. 

At first we introduce a (single) type which captures the interface of a class 

specification, via a labeled product. For Bank account, this is done in the following 

PVS theory: 

 

BankAccountInterface[ Self: TYPE ] : THEORY  

BEGIN  

BankAccountSignature : TYPE =  

  [# 

      bal : [Self -> int],  

      ch : [[Self , int ] -> Self] 

  #] 

BankAccountConstructors : Type = [# 

                                                           new_account : Self 

                                                         #] 

BankAccount_struct(o_bal : [Self -> int] , o_ch: [[Self, int] -> Self]): 

  BankAccountSignature = (# 

                                                bal := o_bal, 

                                                ch := o_ch 

                                             #); 
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c: Var BankAccountSignature 

  

END BankAccountInterface  

 

The square brace notation [A1,…,An -> B] is used in PVS for the type of (total) 

functions with n inputs from A1 ,…, An and with result in B.  

The type BankAccountSignature is a record that combines all method types. The 

type BankAccountConstructors combines all constructor types. The CCSL compiler 

defines the type specConstructors only if the specification spec declares some 

constructors. 

The interface theory is used in the following way. Elements of the type 

BankAccountSignature correspond to bank account coalgebras. Assume that c has this 

type (i.e., c is a bank account signature model), then one can write ch(c)(· · · ) in PVS 

to get the interpretation of the ch method with respect to c (In PVS record selection 

can be written like function application, so ch(c) denotes the ch field of the record c.). 
 

Next, our formalization deals with invariants and bisimulations (an invariant and 

bisimulation with respect to a Bank account coalgebra were defined in the example in 

previous section). 

Appropriate theories that are generated: BankAccountMethodPredicateLifting (that 

define invariant?) and BankAccountBisimilarity. These definitions of bisimulation 

and invariant help the user in formulating and proving suitable properties about the 

classes under consideration. 

The general bisimulation theory in PVS introduces the notion of bisimulation and 

bisimilarity w.r.t. two bank account coalgebras c1 and c2 with respective state spaces 

Self1 and Self2. Based on the structure of the functor BankAccountSignature we 

obtain following relation: 

 

BankAccount_Rel(c1 , c2) : 

[[[Self1 , Self2] -> bool] -> [[Self1 , Self2] -> bool]] = 

(LAMBDA (R: [[Self1 , Self2] -> bool)): 

      (LAMBDA (x1: Self1 , x2: Self2): 

        ((bal(c1)(x1) = bal(c2)(x2)) AND 

           (FORALL (i1: int , i2: int): 



 54

             (i1 = i2) IMPLIES (R(ch(c1)(x1 , i1) , ch(c2)(x2 , i2)))) 

        ))); 

Then , bisimulation and bisimilarity are defined for coalgebras, 

      c1 : VAR BankAccountSignature[Self1] 

      c2 : VAR BankAccountSignature[Self2] 

as: 

bisimulation?(c1 , c2) : [[[Self1 , Self2] -> bool] -> bool] = 

(LAMBDA (R: [[Self1 , Self2] -> bool)): 

      FORALL (x1: Self1 , x2: Self2): 

        (R(x1 , x2)) IMPLIES (BankAccount_Rel(c1 , c2)(R)(x1 , x2)));     

bisim?(c1 , c2) : [[Self1 , Self2] -> bool] = 

    (LAMBDA (x1: Self1 , x2: Self2): 

      EXISTS (R: [[Self1 , Self2] -> bool)): 

         ((bisimulation?(c1 , c2)(R)) AND (R(x1 , x2))));     

(Pay attention that the definition of bisimulation above is essentially the same as 

the definition that was given in example in beginning of section 5.1). 

Additionally, for a single coalgebra, notions of bisimulation and bisimularity are 

generated in theory BankAccountBisimilarityEquivalence (using the above definitions 

of two coalgebras): 

    bisimulation?(c) : [[[Self , Self] -> bool] -> bool] = bisimulation?(c , c);     

    bisim?(c) : [[Self , Self] -> bool] = bisim?(c , c); 

The next theory BankAccountSemantics deals with the assertions and creation 

conditions. The assertion defined in the specification is translated into predicate on 

the carrier type Self of a Bank account coalgebra c: 

bal_ch?(c) : [Self -> bool] = 

(LAMBDA (s: Self) : 

    FORALL (t: int) : bal(c)(ch(c)(s, t)) = (bal(c)(s) + t)); 

 

Predicate BankAccountAssert is then generated to collect all assertion predicates in 

single one (in our case there is only one assertion, if there would more assertions they 

would have been collected with logical operator AND): 

BankAccountAssert?(c) : bool = ((FORALL (x:Self) : ((bal_ch?(c)(x))))); 

 

Similarly for creation condition: 



 55

bal_nil?(c) : [BankAccountConstructors[Self] -> bool] = 

  (LAMBDA (z : BankAccountConstructors[Self]) : 

    bal(c) (new_account(z)) = (0 :: int)); 

 

BankAccountCreate?(c) : [BankAccountConstructors[Self] -> bool] = 

  (LAMBDA (z: BankAccountConstructors[Self]) : ((bal_nil?(c)(z)))); 

  

At this stage we are able to say what actually constitutes a class implementation 

that satisfies a class specification of Bank account: it is coalgebra  

c: BankAccountSignature[Self]  

satisfying the predicate BankAccountAssert?, together with some element new: Self 

satisfying the predicate BankAccountCreate?. 

This is formalized in the following predicate: 

BanlAccountModel?(c:BankAccountSignature[Self],z: 

BankAccountConstructors[Self]):bool=((BankAccountAssert?(c)AND 

(BankAccountCreate?(c)(z))); 

 

The notation (P) for a predicate P:[A -> bool] on A:TYPE is used in PVS as an 

abbreviation for the predicate subtype {x:A|P(x)}. A class thus consists of a state 

space Self with appropriate operations (combined in a coalgebra on Self) and with an 

appropriate constructor new. An object of such a class is then an inhabitant of the 

state space Self. Thus, in the way that we model classes and objects, the methods are 

part of the class, and not of the object .This is called the delegation implementation, in 

contrast to the embedding implementation, where the operations are part of the object. 
 

The theory BankAccountBasic imports the definitions and lemmas for 

bisimulation, bisimilarity, invariants, coalgebra morphisms, and the translated 

assertions and creation conditions.  

BankAccountBasic [Self: TYPE] : THEORY  

BEGIN  

  IMPORTING BankAccountSemantics[Self] 

 

  bal_ch : LEMMA 

    FORALL (c: (BankAccountAssert? [Self]), x: Self) : bal_ch?(c)(x) 
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  bal_nil : LEMMA 

    FORALL (c: BankAccountSignature[Self], z: BankAccountConstructors[Self]): 

      (((BankAccountAssert? (c)) AND (BankAccountCreate? (c)(z)))) 

       IMPLIES (bal(c)(new_account(z)) = (0 :: int)) 
 
END BankAccountBasic  

 

Once we have all this settled, we can start reasoning about the class specification. 

The two things we can do immediately are: (1) describe an implementation of the 

specification (a model), and (2) develope its theory. Both are user tasks: the tool only 

provides theory skeletons, which the user can fill in.  

 
6.2. Developing a model of a specification 

A model of a specification is a structure that defines the operations that are 

declared in the signature of the specification such that the assertions of the 

specification become true. 

Developing a model can serve two purposes: 

1. To prove that the specification is consistent, that is, it contains no logical 

contradictions and declares no impossible operations. 

2. To show that the specification captures the intended behaviour. It is not possible 

to formally prove the correctness a specification. However, writing a specification, we 

have a typical model in mind. Proving that this typical model fulfils the specification 

increases the confidence in the specification. 

A model for a coalgebraic class specification consists of 

• a state space 

• an interpretation of the methods 

• an interpretation of the constructors 

for each possible interpretation of the type parameters. Of course, the interpretations 

of the methods must fulfill the assertions and interpretations methods and constructors 

together must fulfill the creation conditions. 

To develop such a model in PVS we have to create a theory that has the same type 

parameters as the CCSL specification and contains the relevant definitions and proofs. 

It is not possible to state axioms on the definitions. The theory must contain a proof 
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for the specModel? predicate that is generated by the CCSL compiler for the 

specification spec. 

The PVS source code for simple, list-based model of the bank account 

specification (the second implementation from section 4.4) is as follows: 

SimpleBankAccountModel :THEORY 

Begin 

  SimpleState : Type = list[int] 

  Importing BankAccountBasic[SimpleState] 

 

  simple_bankaccount : BankAccountSignature[SimpleState] = (# 

     bal := Lambda (x: SimpleState): Cases x of 

                   null : 0, 

                   cons(t,y) : t 

              EndCases, 

     ch := Lambda (x: SimpleState, n: int): Cases x of 

                   null : cons(n, null), 

                  cons(t,y) : cons(n + t,x) 

              EndCases                      #) 

 

  simple_new : BankAccountConstructors[SimpleState] =  

            (# new_account := cons(0, null)  #) 

 

  x: Var SimpleState 

  simple_bal_ch : Lemma bal_ch?(simple_bankaccount)(x) 

  simple_assert : Lemma BankAccountAssert?(simple_bankaccount) 

  simple_create : Lemma BankAccountCreate?(simple_bankaccount)(simple_new) 

 

  simple_model : Proposition  

                            BankAccountModel?(simple_bankaccount,simple_new) 

End SimpleBankAccountModel 
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Remark 
According to rules of case statement, there must appear all possible alternatives. 

Therefore, despite that in our example x will never be empty list, we have to include 

this alternative in case statement like:   

bal := Lambda (x: SimpleState): Cases x of 

                   null : 0, 

                   cons(t,y) : t 

              EndCases. 
 

To finish the construction of the model we have to prove the last proposition. The 

function BankAccountModel? returns true for two records that contain an 

interpretation of the methods and of the constructors, precisely if these interpretations 

make all assertions and all creation conditions true (for all elements in SimpleState). 

For this simple model it is possible to prove this proposition directly (using the grind 

command of PVS). 

However, to illustrate the way of the proving, we will split this proof into several 

lemmas. (In general along this section we will give detailed proof of goals (without 

use of PVS grind command, even if this command is able to perform the proof)). 

Let’s start the proof at the bottom at the proposition simple_model. For the proof of 

simple_model we expand BankAccountModel? and get the following conjunction: 

 

simple_model : 

|------- 
{1}((BankAccountAssert?(simple_bankaccount))AND 

(BankAccountCreate?(simple_bankaccount)(simple_new))) 

 

This can be proved with the two lemmas simple_assert and simple_create. 

In the proof of simple_create the expantion of BankAccountCreate? yields 

 

simple_create : 

|------- 

{1} ((bal_nil?(simple_bankaccount)(simple_new))) 

 

The predicate bal_nil? contains the creation condition bal_nil.  
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The expantion of bal_nil? yields 

 

simple_create : 

|------- 

{1} bal(simple_bankaccount)(new_account(simple_new)) = 0 

This is almost the original CCSL creation condition. Except that the method 

invocation is written as function application and that both bal and new_account have 

an additional first argument. 

Formally the interpretation of the terms in the logic of CCSL depends on the 

interpretation of the methods and constructors. The CCSL compiler makes this 

dependency explicit by inserting additional arguments. Methods and constructors are 

turned into record labels that are applied to the record of all methods or all 

constructors, respectively. We can see this by expanding simple_bankaccount: 

 

|------- 

{1} CASES new_account(simple_new) OF null: 0, cons(t, y): t ENDCASES 

= 0 

 

This is exactly the body of the bal methods as defined in the simple model with 

new_account(simple new) substituted for the argument x. Expanding simple_new 

finishes the proof.  

In the proof of the lemma simple_assert we reach the following state after expanding 

the BankAccountAssert? predicate: 

 

simple_assert : 

|------- 

{1} (∀ (x: SimpleState): 

((bal_ch?(simple_bankaccount)(x)))) 

 

We can prove this with the skosimp PVS command (skolemize (with typepreds on 

Skolem constants when PREDS? is t) then disjunctively simplify) and the utility 

lemma simple_bal_ch, but we provide here direct proof (without use of the lemma, 

this proof can be used in proving the lemma itself).  

 Expanding of bal_ch? will lead to: 
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simple_assert : 

|------- 

{1} ∀  (x:SimpleState): 

         ∀  (t : int) : 

                 bal(simple_bankaccount)(ch(simple_bankaccount)(x,t))= t +   

                                                               bal(simple_bankaccount) (x) 

 

(Instead of word “FORALL” that used in PVS, we use appropriate mathematical 

symbol -∀ , likewise instead of IFF we use ≡ , EXIST - ∃  and LAMBDA - λ ). 

We prove this with “skosimp”, expanding of simple_bankaccount, and repeated 

skolemization, instantiation and if-lifting (grind command is able to finish the proof). 

Expanding of simple_bankaccount will leads to: 

 

simple_assert : 

|------- 

{1} ∀  (x:SimpleState): 

          ∀  (t : int) : 

                 CASES CASES x 

                                    OF null: cons(t, null), cons(t_1, y) : cons(t + t_1, x) 

                                     ENDCASES 

                       OF null: 0, cons(t_1, y): t_1 

                        ENDCASES 

                  = t + CASES x OF null: 0, cons(t, y): t ENDCASES 

 

after it skosimp* leads to 

simple_assert : 

|------- 

{1} CASES CASES x!1 

                            OF null: cons(t!1, null), cons(t_1, y) : cons(t!1 + t_1, x!1) 

                            ENDCASES 

             OF null: 0, cons(t_1, y): t_1 

              ENDCASES 

                  = t!1 + CASES x!1 OF null: 0, cons(t, y): t ENDCASES 
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Now we perform repeated if-lifting 

Rule?(lift-if) 

Lifting IF-conditions to the top level, 

This simplifies to: 

simple_assert : 

|------- 

{1}  IF null?(x!1) 

             THEN CASES cons(t!1,null) OF null: 0, cons(t_1, y): t_1 ENDCASES =  

                             t!1 + 0 

        ELSE CASES cons(t!1 + car(x!1), x!1) OF null: 0, cons(t_1, y): t_1 ENDCASES  

                     = t!1 + car(x!1) 

        ENDIF 

 

Rule? (lift-if) 

 

simple_assert : 

|------- 

{1}  IF null?(cons(t!1, null)) 

           THEN IF null?(x!1) THEN 0 = t!1 + 0 

                       ELSE CASES cons(t!1 + car(x!1), x!1) 

                                      OF null: 0, cons(t_1, y): t_1 

                                       ENDCASES 

                                      = t!1 + car(x!1) 

                        ENDIF 

        ELSE IF null?(x!1) THEN car(cons(t!1, null)) = t!1 + 0 

                     ELSE CASES cons(t!1 + car(x!1), x!1) 

                                    OF null: 0, cons(t_1, y): t_1 

                                    ENDCASES 

                                      = t!1 + car(x!1) 

                        ENDIF 

        ENDIF 

 

Rule?(lift-if) 



 62

 

simple_assert : 

|------- 

{1}  IF null?(cons(t!1 + car(x!1), x!1)) 

           THEN IF null?(cons(t!1, null)) 

                         THEN IF null?(x!1) THEN 0 = t!1 + 0 

                                     ELSE 0 = t!1 + car(x!1) 

                                     ENDIF 

                        ELSE IF null?(x!1) THEN car(cons(t!1, null)) = t!1 + 0 

                                   ELSE 0 = t!1 + car(x!1) 

                                   ENDIF 

                        ENDIF 

        ELSE IF null?(cons(t!1, null)) 

                     THEN IF null?(x!1) THEN 0 = t!1 + 0 

                                 ELSE car(cons(t!1 + car(x!1), (x!1)) = t!1 + car(x!1) 

                                 ENDIF  

                   ELSE IF null?(x!1) THEN car(cons(t!1, null)) = t!1 + 0 

                              ELSE car(cons(t!1 + car(x!1), x!1)) = t!1 + car(x!1) 

                              ENDIF 

                   ENDIF 

        ENDIF 

 

Rule Assert finishes the proof, performing appropriate simplifying. 

Q.E.D.  

We have finished the construction of the simple model with the proof of the utility 

lemmas, because this completes the proof chain for the proposition simple_model. We 

have thus established that the bank account specification is consistent. (We have 

shown that there exist implementation of bank account specification that fulfill 

assertions defined above, that is there is no contradictions in the specification). 
 

6.3. Developing a theory of specification 
We turn to the second way to reason about a (translated) specification – developing 

its theory. To develop the theory of bank accounts, we have to declare a coalgebra 
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variable satisfying BankAccountAssert?, and start proving various logical 

consequences of the assertions in the class specification. 

For example, a useful proposition that can be proved is the following 

characterization of bisimilarity: 

bisim_char : Lemma Forall (x, y : X) : 

    bisim?(c) (x,y) IFF bal_rel(c)(x,y) 

Where bal_rel(c) is defined as bal_rel(c)(x,y : X) : bool = 

     bal(c)(x) = bal(c)(y) 

This express that two objects (or states) x, y : Self are bisimilar with respect to the 

assumed (arbitrary) model c if and only if they give the same balance. Intuitively this 

is clear: if we cannot see a difference between two objects via balance operation, then 

using change operation will not create a difference between these objects. 

Using this characterization, it is easy to prove, for example, the following lemma: 

ch_bisim : Lemma 

   Forall (x: X, n: int) : bisim?(c)(ch(c)(ch(c)(x,n), -1*n), x) 

Which say, that adding and after then removal the same amount in bisimilar state. 

Notice that we only state that the outcomes are bisimilar, and not necessarily equal. 

We avoid the use of equality of objects/states, since we regard these as hidden, and 

we restrict access to (public) methods. In addition, the use of bisimilarity entail that 

the result that we proved also holds in implementations where bisimilar states need 

not be (internally) equal, like in implementations (1) and (2) in section 4. 

To prove the characterization of bisimilarity we use utility lemma bal_rel_bisim 

   bal_rel_bisim: Lemma bisimulation?(c) (bal_rel(c)) , that essentially state that 

bal_rel is bisimulation relation. 

Thus we start the proof of bisim_char with proving lemma bal_rel_bisim: 
 
bal_rel_bisim: 

  |---------------- 

{1}  ∀  (c: (BankAccountAssert?)) : bisimulation?(c) (bal_rel(c)) 

 

Expanding the definitions of bisimulation? and bal_rel, and skolemizing (with 

typepred on new Skolem constants) and flattening, we obtain: 

 

bal_rel_bisim: 
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{-1} BankAccountAssert?(c!1) 

{-2} bal(c!1)(x!1) = bal(c!1)(x!2) 

|------- 

{1} (BankAccount_Rel(c!1, c!1)(λ  (x, y: X): bal(c!1)(x) = bal(c!1)(y))(x!1, x!2)) 

 

Expanding the definition of BankAccount_Rel, 

 

bal_rel_bisim: 

{-1} BankAccountAssert?(c!1) 

{-2} bal(c!1)(x!1) = bal(c!1)(x!1) 

|------- 

{1} ((bal(c!1)(x!1) = bal(c!1)(x!2)) ∧  (∀  (i2: int): bal(c!1)(ch(c!1)(x!1, i2)) = 

bal(c!1)(ch(c!1)(x!2, i2)))) 

 

The first conjunction is trivial,  

To prove the second one we perform skolemizing (with typepred on new Skolem 

constants), obtaining: 

 

bal rel bisim.2: 

{-1} integer pred(i!2) 

{-2} BankAccountAssert?(c!1) 

{-3} bal(c!1)(x!1) = bal(c!1)(x!2) 

|------- 

{1} bal(c!1)(ch(c!1)(x!1, i!2)) = bal(c!1)(ch(c!1)(x!2, i!2)) 

 

Rewriting using bal_ch, matching in *, 

 

bal_rel_bisim.2: 

{-1} integer pred(i!2) 

{-2} BankAccountAssert?(c!1) 

{-3} bal(c!1)(x!1) = bal(c!1)(x!2) 

|------- 

{1} (bal(c!1)(x!1) + i!2) = (bal(c!1)(x!2) + i!2) 

Which is trivial. 
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Q.E.D. 

 

We continue with proof of characterization of bisimilarity (lemma bisim_char): 

 

bisim_char: 

|------- 

{1}  ∀  (c: (BankAccountAssert?)), (x, y: X): bisim?(c)(x, y) ≡  bal_rel(c)(x, y) 

After skolemizing, we divide the goal in two subgoals:  

 

bisim_char.1: 

{-1} bisim?(c!1)(x!1, y!1) 

{-2} BankAccountAssert?(c!1) 

|------- 

{1} bal_rel(c!1)(x!1, y!1) 

and  

 

bisim char.2: 

{-1} bal_rel(c!1)(x!1, y!1) 

{-2} BankAccountAssert?(c!1) 

|------- 

{1} bisim?(c!1)(x!1, y!1) 

 

To prove first subgoal we expand the definition of bal_rel, and then use lemma 

bisim_bal. (lemma bisim_bal is generated automatically by CCSL in file 

BankAccount_basic.pvs and states that bisimilarity of  two states x1 and x2 of some 

bank account coalgebra c implies that results of bal operation on this states are equal, 

this is obvious result that follows directly from definition of bisimilarity).  

To prove the second subgoal: 

 

bisim_char.2: 

{-1} bal_rel(c!1)(x!1, y!1) 

{-2} BankAccountAssert?(c!1) 

|------- 

{1} bisim?(c!1)(x!1, y!1) 
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we expand the definitions of bisim?, receiving: 

 

bisim_char.2: 

{-1} bal_rel(c!1)(x!1, y!1) 

{-2} BankAccountAssert?(c!1) 

|------- 

{1} ∃  (R: [[X, X] →bool]): ((bisimulation?(c!1, c!1)(R)) ∧  (R(x!1, y!1))) 

 

Instantiating quantified variables, and receive: 

 

bisim_char.2: 

{-1} bal_rel(c!1)(x!1, y!1) 

{-2} BankAccountAssert?(c!1) 

|------- 

{1} ((bisimulation?(c!1, c!1)(bal_rel(c!1))) ∧  (bal rel(c!1)(x!1, y!1))) 

 

We prove this subgoal using lemma bal_rel_bisim. 

Q.E.D. 

 (The relation bal_rel and lemma bal_rel_bisim were defined to simplify this part 

of proof. We could define lemma bisim_char as: 

  bisim_char : Lemma Forall (x, y : X) : 

    bisim?(c) (x,y) IFF bal(c)(x) = bal(c)(y) 

but in this case we would have to provide appropriate instantiation for relation by 

ourselves and obtained proof would less modular. We illustrate this way of definition 

and proof in definition of lemma bisim_char for queue refinement in next section).  

 

Now proof of ch_bisim is trivial. It starts with: 

 

ch_bisim: 

|------- 

{1} ∀  (c: (BankAccountAssert?), x: X, n: int): bisim?(c)(ch(c)(ch(c)(x, n), -1 * n),x)  

 

Skolemizing (with typepred on new Skolem constants), 
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ch_bisim: 

{-1} BankAccountAssert?(c!1) 

{-2} integer pred(n!1) 

|------- 

{1} bisim?(c!1)(ch(c!1)(ch(c!1)(x!1, n!1), -1 * n!1), x!1) 

 

Now we can use characterization of bisimilarity that was defined and proved above: 

  

Rewriting using bisim_char, matching in *, 

 

ch_bisim: 

{-1} BankAccountAssert?(c!1) 

{-2} integer pred(n!1) 

|------- 

{1} bal_rel(c!1)(ch(c!1)(ch(c!1)(x!1, n!1), -1 * n!1), x!1) 

 

From this point the proof is trivial: 

Expanding the definition of bal_rel, 

 

ch_bisim: 

{-1} BankAccountAssert?(c!1) 

{-2} integer pred(n!1) 

|------- 

{1} bal(c!1)(ch(c!1)(ch(c!1)(x!1, n!1), -1 * n!1)) = bal(c!1)(x!1) 

 

Rewriting using bal_ch twice leads two, 

 

ch_bisim: 

{-1} BankAccountAssert?(c!1) 

{-2} integer pred(n!1) 

|------- 

{1} (bal(c!1)(x!1) + n!1) – n!1 = bal(c!1)(x!1) 
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Which is trivially true. 

Q.E.D. 
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7. Example of Queue class specification 
In this section we will present the coalgebraic specification of a queue in CCSL, 

and also will demonstrate the construction of refinements. 

7.1. The CCSL class specification for Queue 
The CCSL specification for Queue is: 

 

Begin Queue[T: Type] : ClassSpec 

  Method 

    enqueue : [Self, T] -> Self; 

    dequeue : Self -> lift [[T, Self]]; 

 

  Constructor 

    new_queue : Self; 

 

  Assertion 

    SelfVar s:Self 

 

    q_empty : bottom?(s.dequeue) Implies  

                        Forall (t : T). s.enqueue(t).dequeue ~ up(t, s); 

   q_filled : Forall (t1 : T, y : Self). s.dequeue ~ up(t1, y) Implies 

                       Forall (t2 : T). s.enqueue(t2).dequeue ~ up(t1, y.enqueue(t2)); 

 

 Creation 

    q_new: new_queue.dequeue = bottom; 

 

End Queue 

 

The type of enqueue is clear: enqueue takes a state and an element of T and returns 

the successor state of the queue. 

The type expression for dequeue uses the type constructor lift. This type 

constructor is defined in CCSL prelude. This type constructor is typically used to 

model partial functions (dequeue can’t return a result for the empty queue). lift 

disjointedly adds the error element bottom to its argument:   



 70

 [ ] { ( ) | } { }lift T up t t T bottom= ∈ ∪  

In addition there is also definition of type list in CCSL prelude. As usually, list 

constructs the finite lists over a given type. (We will use list type in next subsections). 

 

The assertion q_empty states that a queue is considered empty if the dequeue 

method fails on it (i.e., if q.dequeue = bottom). In addition if the queue q is empty, 

then q.enqueue(t).dequeue should always be successful (i.e., is never equals bottom) 

and return a pair <t’,  q’> where t = t’ and q’ is a empty queue again (that is q and q’ 

are bisimilar). 

The assertion q_filled is about nonempty queues. It says that, if q is nonempty, 

then we can change order of operations of adding an element and of removing of 

element from the queue and receive two bisimilar queues and same removed element. 

 

7.2. Developing a Queue model 
A possible model of the queue specification follows: 

 

Queue_model[T : Type] : Theory 

Begin 

  QState : Type = list[T] 

  Importing QueueBasic[Qstate, T] 

 

  simple_queue : QueueSignature[Qstate, T] = (# 

         enqueue := Lambda(x : Qstate, t:T) : append(x, cons(t,null)), 

         dequeue := Lambde(x : Qstate) : Cases x of 

                                null : bottom, 

                                cons(t,y) : up(t,y) 

                           EndCases               #) 

   

  simple_new : QueueConstructors[Qstate, T] = (# new_queue := null #) 

 

  x: Var Qstate 

  simple_q_empty : Lemma q_empty?(simple_queue)(x) 

  simple_q_filled : Lemma q_filled?(simple_queue)(x) 
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  simple_assert : Lemma QueueAssert?(simple_queue) 

  simple_create : Lemma QueueCreate?(simple_queue)(simple_new) 

 

  simple_model : Proposition QueueModel?(simple_queue, simple_new) 

End Queue_model 

 

To finish the construction of the model we have to prove last proposition. We 

again use utility lemmas to prove proposition. Simple_model will be proved as 

conjunction of simple_create and simple_assert. We will prove simple_assert using 

utility lemmas simple_q_empy and simple_q_filled, so we have to prove them first. 

 Lemma simple_q_filled may be proved by PVS (GRIND command), to prove the 

simple_q_empty we perform following steps: expand “q_empty?” (expanding 

q_empty? predicate), skosimp* :preds? t , grind, inst 1 “=” (we use equality relation 

as bisimulation relation), and now PVS can complete the proof (grind command 

again). 

In the proof of the lemma simple_assert we reach the following state after 

expanding the QueueAssert? predicate 

 

simple_assert: 

|------------- 

{1} FORALL (x: Qstate) : 

         ((q_empty?(simple_queue)(x)) AND (q_filled?(simple_queue)(x))) 

 

We prove this with skosimp and two utility lemmas simple_q_empty and 

simple_q_filled.  

Simple_create may be proved by GRIND command of PVS; 

Now proof of simple_model is as follows: 

 

simple_model: 

|--------------- 

{1} QueueModel?(simple_queue, simple_new) 

 

Rule? (expand “QueueModel?”) 

This leads to 
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simple_model: 

|-------------- 

{1}  ((QueueAssert?(simple_queue)) AND 

            (QueueCreate?(simple_queue)(simple_new))) 

 

Rule? (rewrite “simple_assert”) 

This leads to 

 

simple_model: 

|-------------- 

{1}   (QueueCreate?(simple_queue)(simple_new))  

 

Rule? (rewrite “simple_create”) 

finish the proof. 

Q.E.D. 

By proving the proposition we established that the given queue specification is 

consistent. 

 

7.3. Refinement 
Refinement is a relation between two specifications.  

 

Definition 
A concrete specification C refines an abstract specification A if all models of C can 

be turned (in a generic way) into models of A.  

 

Refinement could also be paraphrased as relative model construction: If C refines 

A then one can build a model of A by assuming an arbitrary model of C. Typically 

refinement involves a translation of signatures: The operations of the signature of A 

must be expressed with the operations available in C. 

Refinement is an important notion in software verification. Instead of relating the 

implementation directly with the specification one often uses several refinement steps ,

starting from a high level abstraction and leading to an implementation .The 



 73

properties of refinement ensure that the model of the most concrete specification still 

fulfills the assertions of the original abstract specification. 

 For coalgebraic class specifications we have two notions of refinement : 

assertional refinement and behavioural refinement.  

Assertional refinement requires that the assertions of the abstract specification 

should hold for each translated model of the concrete specification. This implies that 

for assertional refinement the translation of signatures must cover the complete 

signature of the abstract specification (because every method of the abstract signature 

can occur in the assertions). Sometimes this complete coverage is inappropriate. For 

instance, if the abstract signature contains private methods then one might want to 

construct a refinement for the public methods only. 

In behavioural refinement one requires that each translated model of the concrete 

specification should be behaviourally equal to some abstract model. The behavioural 

equality can be taken with respect to a subsignature of the abstract specification, for 

instance to hide the private methods. 

In the remainder of this section we construct an assertional refinement for the 

queue specification given above. The refinement is based on the idea that lists form 

queues, if one appends new elements at the end. The refining specification ListQueue 

in CCSL is as follows: 

 

Begin ListOp[T: Type]: GroundSignature 

  Constant 

     append : [list[T], list[T] -> list[T]]; 

End ListOp 

 

Begin List_Queue[T: Type] : ClassSpec 

 

  private attribute 

    mem : Self -> list[T]; 

 

  Defining 

    enqueue : [Self, T] -> Self 

    enqueue(s, t) = s.set_mem (append(s.mem, cons(t, null))); 
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    dequeue : Self -> lift[[T, Self]] 

    dequeue s = Cases s.mem OF 

                          null : bottom; 

                          cons(t, tl) : up(t, s.set_mem(tl)); 

                         Endcases; 

 

  Constructor 

    new_list_queue : Self; 

 

  Creation 

    mem_empty : null?(new_list_queue.mem); 

 

End List_Queue 

 
The ground signature ListOp introduces the function append for the concatenation 

of lists, which is predefined in PVS. The class specification ListQueue has only two 

methods mem and set_mem, where the latter is automatically generated by the CCSL 

compiler as an update method for the attribute mem. (For every attribute declaration 

at the compiler adds a method declaration set_at to the signature. The intention is that 

set_at is the update operation that can be used to change the value of the attribute at). 

The method set_mem has the following type set_mem : [Self, list[T]] -> Self. Further 

the CCSL compiler generates the following assertion. 

mem_set_mem : Forall( l : list[T] ) : mem(set_mem(x, l)) = l 

So models of ListQueue are records with one field of type list[T]. 

 

An assertional refinement of the queue specification consists of three items: first, a 

parameter translation, second, a translation function that maps models of ListQueue to 

models of the queue signature, and, third, a proof that the result of the translation 

function is a model of Queue. A parameter translation is not necessary in this 

example, so we choose the identity translation. This means that models of 

ListQueue[T] get translated into models of Queue[T]. 

For the second ingredient of an assertional refinement we need an interpretation of 

the methods enqueue and dequeue for an arbitrary model of ListQueue. Because it is 
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obvious how to do that, we defined these two methods in the ListQueue specification 

as definitional extensions. 

It remains to prove that the queue assertions hold. This is done in PVS in the 

theory QueueRefine as follows: 

QueueRefine[ X, T : Type] : Theory 

Begin 

  Importing List_QueueBasic[X,T] 

  lc : Var (List_QueueAssert?) 

  Importing QueueBasic[X,T] 

  queue_c(lc) : QueueSignature[X,T] = 

         (# enqueue := enqueue(lc), 

             dequeue := dequeue(lc) 

          #) 

  queue_constr(lc : (List_QueueAssert?), const : (List_QueueCreate?(lc))) :   

         QueueConstructors[X,T] = 

                             (#  

                                 new_queue := new_list_queue(const) 

                             #) 

  refine_ok : Lemma Forall(constr : (List_QueueCreate?(lc))) : 

             QueueModel?(queue_c(lc), queue_constr(lc, constr)) 

End QueueRefine 

 

 The variable declaration for lc uses the dependent types of PVS. Recall that 

List_QueueAssert? is a predicate on List_Queue coalgebras. By putting parenthesis 

around such a predicate one obtains the (sub–) type of those elements fulfill the 

predicate. So lc is a List_Queue coalgebra (on state space X) that fulfils the method 

assertions of List_Queue. Technically, the declaration of lc (together with the type 

parameters X and T) amounts to the assumption of an arbitrary List_Queue model. 

The importing statement for QueueBasic makes all necessary notions from the 

specification Queue available. The functions queue_c and queue_constr form the 

translation function that maps models of ListQueue to models of the queue signature.  

It remains to prove the lemma refine_ok. The proof is not completely trivial 

because it involves some reasoning about bisimilarities. In the proof we used the 

following three utility lemmas: 
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list_bisim_char : Lemma Forall( x, y : X ) : 

           bisim?(lc)(x,y) IFF  

              mem(lc)(x) = mem(lc)(y) 

bisim_lift : Lemma Forall( x, y : X ) : 

           bisim?(lc)(x,y) Implies bisim?(queue_c(lc))(x,y) 

lift_bisim : Lemma Forall( x, y : X ) : 

          bisim?(queue_c(lc))(x,y) Implies mem(lc)(x) = mem(lc)(y) 

The first one, list_bisim_char, gives a characterization of bisimilarity on models of 

ListQueue: Two states are bisimilar precisely if their mem field is equal. The second 

lemma bisim_lift states that two bisimilar states x and y are also bisimilar when 

considered as states of a queue with respect to the translated coalgebra queue_c(lc). 

The third lemma lift_bisim describes the converse situation.  
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8. Related work 
8.1. CCSL case studies 

CCSL has been successfully used in several nontrivial case studies. Dion Meyer, in 

his master thesis, specifies the MSMIE (multi-processor shared information 

exchange) protocol in CCSL [28]. (The protocol has been used for instance in the 

embedded software of Westinghouse nuclear system design). He refines this initial 

specification in three steps and proves the correctness of the Java implementation of 

the protocol. Lambooij studies the Y-chart Application Programmers Interface 

(YAPI) protocol for Kahn processing networks, which used at Phillips for the 

development of signal processing systems [30]. He developed a specification in CCSL 

and proves with PVS the correctness of the data transfer and the absence of deadlock 

for the YAPI protocol. 

CCSL was also used by Tews to formalize parts of the memory management of the 

micro-kernel operating system FIASCO [31]. He then examines the C++ sources of 

FIASCO. The case study revealed some hidden assumptions about the internal 

interface of the memory management of FIASCO. It proves that CCSL together with 

the theorem prover PVS can be applied to real software.  

 

8.2. The LOOP compiler for Java and JML 
The LOOP project started out as an exploration of the semantics of object-oriented 

languages in general, and Java in particular. The LOOP tool is effectively a compiler. 

As input it takes sequential Java programs, and specifications written (as annotations 

in the Java source file) in the Java Modeling Language JML7. As output, the LOOP 

tool, like CCSL, generates PVS files, which describe the meaning of the Java program 

and its JML specification. 

JML allows a user to write (class) invariants, and pre- and post-conditions for 

methods and constructors within the source code, making use of Java expressions 

(extended with various logical operators) to formulate the desired properties. All 

extentions are enclosed between Java’s comment markers, and therefore do not 

                                                           
7  Home page: http://www.jmlspecs.org 
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influence the program’s behaviour. A typical JML specification for a method m looks 

as follows: 

/*@ behavior 

   @   requires : <precondition> 

   @   modifiable : <fields> 

   @    ensures   : <postcondition> // when terminating normally 

   @    signals    : (E) <postcondition> //when terminating abruptly 

                                                          // because of exception E 

   @*/ 

   void m () { … } 

 

Most of the case studies for which the LOOP tool has been used are so-called Java 

Card programs designed to run on smart cards. Java Card programs are an appropriate 

target for trying out formal methods, because they are small, their correctness is 

crucial, and they use only a very limited API. 

The largest case study to date that has been successfully verified using the LOOP 

tool and PVS is a Java Card applet of about several hundred lines of code provided by 

one of the industrial partners in the EU-sponsored VerifiCard project8. It is real 

commercial application that runs on credit cards. 

In addition, Java’s class library (API) has many classes, which are interesting for 

verification. Verifying classes from this class library can be useful, since many people 

use these classes to write their applications. The LOOP tool has been successfully 

applied to verify a non-trivial invariant property of the frequently used Vector class. 

The property essentially says that the actual size of a vector is less than or equal to its 

capacity. It has been shown that this “safety” property is maintained by all methods of 

the Vector class, and that it holds for all objects created by the constructors of the 

Vector class [46].  

 

8.3. Other works 
8.3.1 Specification languages 

The specification language CCSL is very closely related with the programming 

language Charity [34, 35]. In Charity one programs only with initial algebras and final 
                                                           

8 http://www.verificard.com 
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coalgebras. Thus, CCSL is the appropriate specification language for Charity 

programs. 

DisCo is a specification method for reactive systems, it is developed at Tampere 

University of Technology, Finland. In the DisCo specification language one can 

specify object systems and their transitional behaviour. Objects have a state chart like 

hierarchical structure but may not contain methods. Methods are specified outside of 

the objects as actions. DisCo specifications can be animated or translated into PVS. 

There is no notion of abstract data type in the DisCo specification language. 

The common framework initiative develops the Common Algebraic Specification 

Language CASL. There are numerous sublanguages of CASL that correspond to the 

various logics that have been used in algebraic specification. 

However, there is no possibility to describe behavioural types in CASL.  

Coalgebraic extension of CASL – CoCasl was developed to overcome this 

disadvantage.  

The universal modeling language UML aims, as CCSL does, at the abstract 

description of object-oriented software systems. The UML is mainly a graphical 

language that is more concerned about the design process of software systems (and 

not so much about a formal description of the software). The Object Constraint 

Language OCL is currently developed as logic for the UML. 

 

8.3.2. Tools for specification and verification of Java programs 
ESC/Java is an extended static checker for Java (including threads), which can 

detect certain runtime errors at compile time, by using a build-in theorem 

prover.(ESC/Java uses a specification language which has recently been integrated 

with JML). 

Jive – it is a verification environment in which a user can write Java source-code as 

well as its specification. The Jive approach is closed to the LOOP approach. With Jive 

it is currently possible to reason about the sequential kernel of Java, but not about 

exceptions. 

The Bandera project aims at verification of Java programs (especially involving 

threads) using model checkers. Similar to LOOP project, output is generated for back-

end tools that do the actual verification. However, model checkers instead of theorem 

provers are used. 
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9. Conclusion 
 

In this work we described coalgebraic specification and verification in object-

oriented programming. 

It has been shown that since objects in object-oriented programming can be seen as 

black boxes to which one has limited access via specified operations, coalgebraic 

techniques are especially suited for the specification and verification of object-

oriented programs. 

In such systems it is possible that two different states (objects) show the same 

behaviour, in this case they are observably equivalent and the notion of bisimulation 

captures observational equivalence formally. As was stated in section 5, in the 

application domain of coalgebras one is mainly interested in the question if two states 

behave in the same way. Therefore, for coalgebra, the notion of bisimulation replaces 

equality both in specifications and in reasoning. 

Coalgebraic techniques are harmonious with traditional algebraic specification. It 

is best to combine algebraic and coalgebraic methods in one specification 

environment. 

Typically, in such an environment data structures are specified as abstract data 

types, while the entities that manipulate the data are specified with coalgebraic means. 

Section 6 gave a brief description of the Coalgebraic Class Specification Language 

CCSL, its syntax and semantics. CCSL combines algebraic specification with 

coalgebraic specification and designate to work in combination with theorem prover. 

The design of CCSL and the implementation of a prototype compiler were a group 

effort in the LOOP project on formal methods for object orientation. 

CCSL has been applied in several case studies, the most important one on the 

verification of the micro-kernel operating system Fiasco. 
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